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PBEPACB. 

THE object of this work is to remove the chief difficulties felt by those who 
desire to understaod the Sixth Boolt of Euclid. It contains nothing beyond 
the capacity of those who have mastered the first four Books, and has been 
prepared for their use. It is the result of an experience of teaching the subject 
extending over nearly twenty years. The arrangement here adopted has been used 
by the Author in teaching for the past three years and has been more readily 
understood than the methods in ordinary use, which he had previously employed. 

The Sixth Book depends to a very large extent on the Fifth, but this Fifth 
Book is so difficult that it is usually entirely omitted with the exception of the 
Fifth Definition, which is retained not for the purpose of proving all the properties 
of ratio required in the Sixth Book, but only for demonstrating two important 
propositions, viz., the Ist and 33rd. 

The other properties of ratio required in the Sixth Book are usually assumed, 
or so-called algebraic demonstrations are supplied. The employment side by side 
of these two methods of dealing with ratio confuses the learner, because, not being 
equivalent, they do not constitute, when used in this way, a firm basis for the 
train of reasoning which he is attempting to follow. A better method is sometimes 
attempted. This is to insist on the mastering of the Fifth Book, expressed in 
modern form as in the Syllabus of the Association for the Improvement of 
Geometrical Teaching, before commencing the Sixth Book. 

But it is far too difficult for all but the best pupils, and even they do not 
grasp the train of reasoning as a whole, though they readily admit the truth of 
the propositions singly as consequences of the fundamental definitions, which are 

(I) The fifth definition, which is the test for the sameness of two ratios. 

(II) The seventh definition, which is the test for distinguishing the greater 
of two unequal ratios from the smaller, 

H. E. 6 
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*(III) The tenth definition, which defines " Duplicate Ratio," 

*(IV) The definition marked A by SimsoD, which defines the process for 
compounding ratios. 

In order to make things clear, it is necessary to explain what it is that makes 
Euclid's Fifth Book so very difficult. 

There is first the difficulty arising out of Euclid's notation for magnitudes 
and numhers. This has heen entirely removed in most modem editions by using 
an algebraic notation and need not therefore be further considered. 

There is next the difficulty arising out of Euclid's use of the woi-d " ratio," 
and the idea represented by it. 

His definition of ratio furnishes no satisfactory answer to the question, " What 
is a ratio ? " and it is of such a nature that no indication is afforded of the answer 
to the still more important question, " How is a ratio to be measured ? " As Euclid 
makes no use of the definition in his argument, it is useless to examine it further, 
but it is worth whiie to try to get at his view of ratio, He asserts indirectly that 
a ratio is a magnitude, because in the seventh definition he states the conditions 
which must be satisfied in order that one ratio may be greater than another. Now 
the word "greater" can only be applied to a magnitude. Hence Euclid must 
have considered a ratio to be a magnitudef . To this conclusion it may be objected 
that if Euclid thought that a ratio was a magnitude he would not so constantly 
have spoken of the sameness of two ratios, but of their equality. One can only 
surmise that, whenever it was possible, he desired to leave open all questions 
as to the nature of ratio, and to present all his propositions as logical deductions 
from his fundamental definitions. Yet the question as fco the natiiro of ratio 
is one which forces itself on the careful reader, and is a source of the j 
perplexity, culminating when he reaches the 11th and 13th 1 

The 11th Proposition may be stated thus:- 

If 

and if 
then 



Bxe not reQuired until the 6th Book is readied, 
writers maintain that the word " greater " as applied to xatji 
is applied to magnitndee. This seems to make matters far m 



A 


B is the same as C 


D, 


C 


Z> is tlie same as E 


F, 


A 


B is the same as E 


f. 
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Now if a ratio is a magnitude, this only expresses that if Z = F, and if Y= Z, 
then X^Z. 

As this result follows from Euclid's First Axiom it is difficult to see the need 
for a proof. 

This only becomes apparent when the reader realises that Euclid's procedure 
may be described thus: — 

Let A, B, G, D be four magnitudes satisfying the conditions of the Fifth 
Definition, and let G, D, E, F be four magnitudes also satisfying the same 
conditions, then it is proved that A, B, E, F also satisfy the conditions of that 
definition. 

Remarks of a somewhat similar nature apply to the 13th Proposition. 

In this book it is shewn that two commensurable magnitudes determine a real 
number ; and this real number is called the measure of their ratio. The proof of 
the proposition that two incommensurable magnitudes of the same kind determine 
a real number (which is taken as the measure of their ratio) is too difficult to find 
a plaJ3e in an elementary text-book like this. 

A still greater difficulty than the preceding arises from the fact that Euclid 
furnishes no explanation of the steps by which he reached his fundamental 
definitions. 

To write down a definition, and then draw conclusions from it, is a process 
which is useful in Advanced Mathematics; but it is wholly unsuitable for 
elementary teaching. It seems not unlikely that Euclid reached his fundamental 
deilnitions as conclusions to elaborate trains of reasoning, but that finding great 
difficulty in expressing this reasoning in words owing to the absence of an algebraic 
notation, he preferred to write down his definitions as the basis of his ai'gument, 
and to present the propositions as logical deductions from his definitions. 

Apparently he has left no trace of the steps by which he reached his 
fundamental definitions ; and one of the chief objects of this book is to reconstruct 
a path which can be followed by beginners from ideas of a simpler order to those 
on which his work is based. 

The most vital of his definitions is the Fifth, on reaching which the beginner, 
who has read the first four books of Euclid, experiences a sense of discontinuity. 
He knows nothing which can lead him directly to it, he has no ideas of a simpler 
order with which to connect it; and he is therefore reduced to learning it by rote, 

62 
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His teacher may show him that it contains the definition of Proportion given in 
treatises on Algebra; but even with this assistance it remains difificult for him to 
remember its details. He may and frequently does learn to apply it correctly in 
demonstrating the 1st and 33rd Propositions of the Sixth Book, but the Author's 
experience both of teaching and eKamining leads him to the belief that it is 
not really understood. 

The explanation here given of the Fifth Definition, apart from the actual 
notation employed, is that given by De Morgan in his treatise on the Connexion 
of Nu mber and Magnitu de published in the year 1836, and is made cleai' by a 
device for exhibiting the order of succession of the multiples of two magnitudes 
of the same kind, when arranged together in a single series in ascending order 
of magnitude. This device is called the relative multiple scale of the two 
magnitudes. The notation employed to exhibit it is substantially due to Professor 
A. E. H. Love, F.R.S. This notation attaches a graphical representation to the 
Fifth Definition, which appeals to the eye of the learner (See Arts. 29 — Si). 

The seventh definition, as will presently be shewn, is not required. 

The tenth definition, which defines Duplicate Ratio, is here based on that 
marked A by Simson (See Ai-t. ]29). 

Definition A, which defines the process for Compounding Ratios, is fully 
explained in four stages, commencing with the general idea on which the 
process is based, and ending with the proof of the fact that the process 
employed will always lead to consistent results (See Art, 127). 

There remains but one great difficulty for consideration. This is the in- 
directness of Euclid's line of argument, arising from the fact that he uses the 
Seventh Definition where the Fifth alone need be employed. His Fifth Delinition 
states the conditions which must be satisfied in order that two ratios may be the 
same (or if ratios are magnitudes, that they may be equal). 

If this definition is a good and sound one, it is evident that it ought to be possible 
to deduce from it all the properties of equal ratios. This is in fact the case. It is 
wholly unnecessary to employ the Seventh Definition, which refers to unequal 
ratios, to prove any of the properties of equal ratios. Its use only renders the 
proofs of the propositions indirect and artificial and consequently difficult. Not 
only does no inconvenience result from avoiding its use, but it is possible to get 
rid of the latter part of the 8th Proposition, and of the whole of the 10th and 13th 
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Propositions, which deal with unequal ratios, and of the 14th, 20th and 2l9t 
Propositions of the Fifth Book, which are particular cases of the 16th, 22nd and 
23rd Propositions respectively. 

The remaining Propositions are demonstrated by means of the Fifth Definition 
alone; and all, with a single cxecption, fall under one or other of two well 
recognised types. 

These types cori'tspond to the two forms of the conditions for the sameness 
of two relative multiple scales (or two ratios). [See Prop. "VIII. (i), (ii).] 

The first form of the conditions is Euclid's Test for Equal Ratios as stated in 
the Fifth Definition of the Fifth Book. It is the one which springs most naturally 
out of the nature of the subject. It contains three classes of alternatives, one 
of which appears only when the magnitudes of the ratios are commensurable. 
Sometimes it is possible tiO examine all three classes of alternatives in the same 
way. On the other hand, in the extremely important Propositions Euc. V. 16, 22, 
23, the examination of the cases in which the ratios are commensurable has to be 
conducted upon different lines to those which are applicable when they are not 
commensurable. This it is quite possible to do, but the line of argument is 
artificial and therefore difficult for a beginner, as will be seen by consulting 
Notes 6, 9, and 11 at the end of the book. The proofs of Props. 16, 22, 23 as 
completed by these Notes depend on the use of Prop. 62 (Euc. V. 4), but the way 
in which that proposition has to be used does not suggest itself naturally. 

It is on this account that the second form of the conditions for the sameness 
of two relative multiple scales (Prop. VIII. (ii)), has been introduced into this 
book. So far as the Author knows it was first published by Stolz (See Art. 37). 
It contains four classes of alternatives, but it has this very great advantage over 
Euclid's form that the examination of all the four classes of alternatives can 
always be conducted upon tlie same lines. 

Reference has been made above to one Proposition which does not fall under 
either of the above recognized types. This is Prop. 61 (Euc. V. 24). The proof 
here given is Euclid's. It is very much shorter than any direct deduction of it 
from either form of the conditions for the sameness of two scales. At the same 
time its artificial character stands out in striking contrast to the directness of 
the proofs of the other propositions. 

The plan followed in this work is to explain at an early stage what the relative 
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multiple scale of two magnitudes is, then to prove a few of the simpler properties 
of relative multiple scales, then to point out that these propositions accord with 
the ideas of ratio, formed by learners long before they commenced to read 
Geometry, in so far as those ideas have assumed definite shape. In this way 
the mind of the reader is led to the idea that two magnitudes of the same kind 
determine not only a relative multiple scale, but also a ratio ; so that he sees why, 
whenever two relative multiple scales are the same, Euclid expressed that fact 
in the statement that the ratio of the magnitudes determining the first relative 
multiple scale is the same as the ratio of the magnitudes determining the 
second relative multiple scale. 

In fact all that Euclid proves in regard to tho sameness of two ratios may be 
conveniently expressed as the proof of the sameness of two relative multiple 
scales, and the advantage of proceeding in this way is this : — 

The argument is made to relate to a thing which is completely defined, viz., 
the relative multiple scale of two magnitudes ; whilst in Euclid's argument it is 
not made clear what a ratio is ; and the lack of information on this point is a 
serious obstaele to the learner. 

The determination of the stage at which the idea of ratio should be introduced 
into the argument is one of great difficulty. Comples as the idea is, it is formed 
by every one at an early age. As soon as a child can recognise an object from a 
drawing of it, he has formed the idea of similar figures, and therefore he is able 
to see that the ratio of two of the dimensions of the object is the same as that 
of the corresponding dimensions of the drawing. When however the use of the 
idea, and its introduction into Algebra and Geometry are under consideration, 
its complexity becomes apparent There is no necessity, arising out of the nature 
of the subject, for introducing the idea of ratio into the statement of any of the 
Propositions in the Fifth Book, with the possible exception of the 8th, 10th and 
13th, which deal with unequal ratios and are not required for the Sixth Book. 

It is not until the subject of Compounding Ratios is reached that the 
introduction of the idea becomes desirable. I believe that it will be ultimately 
recognised that it is best to postpone its introduction until the stage just 
mentioned has been reached. At the same time I have not ventured to do this 
in this book, as I desire to conform to established practice, so far as is possible, 
consistently with clearness of treatment. 
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Several alterations have been made in the order of the Propositions. De 
Morgan pointed out that learners found great difficulty in reading the Fifth Book 
on account of the abstract character of the reasoning, its application to something 
concrete not being easily perceived. Accordingly in this work Propositions from 
the Sixth Book are taken aa soon as a sufficient number of Propositions from the 
Fifth Book have been proved to make it possible to deal logically with those in 
the Sixth Book. 

Further alterations made in the order of the Propositions are due to the desire 
to indicate at an early stage of the work a line of argument which may be followed 
in order to reach the idea of ratio. 

The principal alteration in the proofs is of course the use of the Theory of 
Relative Multiple Scales in the Propositions of the Fifth Book, in the 1st and 
33rd Propositions of the Sixth Book, and in the proof of the first part of the 2nd 
Proposition of the Sixth Book, where it has the advantage not only of proving all 
that Euclid does, but also of giving several other propositions which (if required) 
must be deduced from Euclid's result by the use of other Propositions in the 
Fifth Book. 

With regard to the enunciations no attempt has been made to adhere to 
Euclid's words. All those propositions which may be viewed either as expressing 
properties of equal ratios or of the sameness of certain relative multiple scales 
are enunciated from both these points of view. In the part of the book which 
precedes the section on ratio (Arts, (j2 — 70), these propositions are enunciated 
first as properties of relative multiple scales, and secondly as properties of equal 
ratios for the sake of reference only, inasmuch as the term " ratio " has not yet 
been explained. After the section on ratio the order of the two modes of 
enunciation is inverted, as possibly more convenient for reference. 

This work contains demonstrations of all the Propositions of the Fifth Book 
except Nos. 8, 10, 13, which depend on the Seventh Definition, and which are not 
used in the Sixth Book; of all the Propositions in the Sixth Book together with 
those marked A, B, C in Simson's Euclid and beside these the following: — 

The Proposition here numbered 7 contains the earlier part of Euc. v. 8, and is 
an extremely useful proposition. 

Prop. 8 shows the equivalence of the two forms of the conditions to be satisfied 
jn order that two relative multiple scales (or two ratios) may be the same. 
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Prop. 11 shows that two commensurable magnitudes have the same relative 
multiple scale as two whole numbers. 

Prop. 12 relates to differing relative multiple scales; and with Props. 9 and 
11 is very useful in developing the idea of ratio. 

Props. 24, 59, 60 and 63 appear here chiefly but not entirely on account of 
their bearing on the theory of the point at infinity on a straight line. 

Props. 36 and 37 are connected with the Theoi'y of Duplicate Ratio. 

Prop. 39 shows that the rectangle contained by the diagonals of a quadrilateral 
cannot exceed the sum of the rectangles contained by the opposite sides. It 
includes the Proposition marked D in Sirason's edition of the Sixth Book. 

There are given in suitable positions in the book, the definitions of Hai-monic 
Points and Lines, of the Pole and Polar, of Inversion, of the Radical Axis and 
the Centres of Similitude of Two Circles, and (so far as is possible without 
explaining the use of the Negative Sign in Geometry) of Cross or Anhai'monic 
Ratio, with the sole object of rendering intelligible the terminology employed 
in a number of interesting examples in the book. 

The Author believes that he has not taken without acknowledgment from 
other text-books anything which is not common property. 

His special thanks are due to the Cambridge University Press Syndicate, 
who have made the publication of the book possible ; and to bis friend and former 
pupil, Mr L. N. G, Filon, M.A., for valuable suggestions and assistance whilst the 
book was passing through the press, 

He will be grateful to his readers for suggestions and corrections. 
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Peopositioks 1 — 8. On Magnitudes and their Multiples. 

rilOP. 1, r(A + B) = i-A+rB. 
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3. If A>B, then r{A-B)=fA-rB. 

4. If a>6, then (a-b)B = aR-bR. 
6. r(sA)={re)A={sr)A = ^(,rA). 

6. (i) If A^B, then rA^^rB. (iii) If a = b, then aB=bR. 

(ii) If rA = rB, then A^B. (iv) If aR^bR, then (1^6. 

("iBOMBTRICAI IriUSTEATIONS OP L )I IMt LTIPLl-S 

(1) iLquimiltii les of i [aJallolu^nm an I its bi^e 

(2) tii^ntjle and its biae 

(3) of an angle it the entre of a circle the j,rc on which it 
stand* anl the ^ectoi bounded by the die and the «ides uf the angle. 

( Eq m Itjl t th tercepts mide h> two paiallel stiii^jht lines on two 
th t feht 1 
PROP. 7. It \ Y Z h nug t d ot the mme 1 md ind if J be leas than Y, then 
t rs t h th t 

X<sZ<nY. 

5. Th 1 f -1 S tl me as that of G, B. 

I 

If when rA>sB, then rC'>sD; 

if when rA = sB, then rC=sB ; 

and if when rA<sB, then rC<sD. 

or II 

If when rA>sB, then rC>sB; 

if when rA<sB, then rC<sD ; 

if when rO>aB, then rA>3B ; 

and if when rG<sD, then rA<sS. 

* A list of the abbreviations employed toUowa the Table of Contents. 
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SECTION II. 



Propositions 9 — 16. The Simpler Propositions 
Multiple Scales (and the Theory of Kati 
TiOHS. First Series. 



lis' THE Theory or Relative 
>a} WITH Geometrical Applica- 



Anthmetieal AppUeatioTis : — 



5 = - : 1 



then 



i.e. [r, .]=[«, 



A:B=C:D, 
A : B=E:F, 
(,' D=E F 
a b=aN bN 
If 1, B, C are thiee mamiitudo' 
then [A, C] is nut the i 



[A,B]^[C,Dl 
■ and if [A,B]^IE,F], 

I then [(,, !>]=:[&, F] 

I i« [o,&]=:[<,V,&.V] 

uf the ^aTOfe kind, and if A lud B arfi iineq i.il, 



■ IB. C] 
If two iiiiight linea lie cut by any numbet of parallel straight lines, then the 

Rcile tf two Hegments of one stiaight line la the same as the suile of the 

two correspcndmg segments of the othpr straight line 
Given three segments uf straight lines, to find a fourth sm-h that the scale of 

the first and spcond segments is the same ai that of the third and fourth 
Tu divide a straight line similarly to a ,nen diMded stiaight bne 
Ficm ■) cupn 'itni^ht lino to c it off an v pirt ipquirpd 



SECTION III. 
A Chapter on Ratio. 



SECTION IV. 

Propositions 17 — 24. The Simpler Propositions in the Theory of Relative 
Multiple Soalbs (and the Theory of Ratios) with Geometrical Applications. 
Second Series. 

PROP. 17. ParaUelt^rams or triangles having the same altitude are proportional to their 



In equal circles or in the same circle, 

(1) angles at the centres are proportional to the arcs or 

(2) angles at the circumferences are proportional to the a 

(3) sectors are proportional (a) to their arcs, 

(6) to their angles. 



which they stand. 

s on which they stand. 
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'. 19. If 


A-.B^C-.B, 




1 i.e. 


if [A,B]=^[C,Bl 


then 


S:A=B:G, 




then 


[B,A]^lB,Cl 


20. If 






A=B, 




then 


A: = B: C, 




1 then 


[A, C']c.[Il, CI 


and 


0:A^G:B, 




1 and 


[C, ^]=.[C, fl]. 


21. If 


A : C = B : C, 




1 i.e. 


if iA,C]si[B,Cl 


or if 


C:A = 0:B, 


then 


1 or if 
A=B. 


IC,A]:=[C,BI 


22. If 


A, B, C, B are 


! magnitudes of the sa 


,me kind, and if 




A:B=C:D, 




1 


IA,B]^[C,DI 


then 


A:G=B:B. 




then 


[A,C-\=[B,By 



If two sides of a triangle are divided proportionally, so that the segments 
terminating at the vertex common to the two sides correspond to each other, 
then the straight line joining the points of division is parallel to the other side. 

(i) A given segment of a straight line can be divided imieraalli/ into segments 
having the ratio of one given line to another in one way only. 

(ii) A given segment of a straight line can be divided externally into segments 
having the ratio of one given line to any other not equal to it in one 
way only. 



SECTION V. 

Propositions 25 — 32. Similae Figtjbes, 

PROP. 25. Eectilinoal figures which are similar to the same rectilineal figure are similar to 
one another. 

26. If the three angles of one triangle are respectively equal to the three angles of 

another triangle, then the triangles are similar. 

27. If the sides taken in order of one triangle are proportional to the sides taken 

in order of another triangle, then the triangles are similar. 

28. If two sides of one triangle are proportional to two sides of another triangle and 

the included angles are equal, then the triangles are similar. 

29. If two triangles have one angle of the one equal to one angle of the other, and 

the sides about one other an^le in each proportional in such a manner that 
the sides opposite to the equal angles correspond, then the triangles have their 
remaining angles either equal or supplementary, and in the former case the 
triangles are similar. 

30. On a given straight line to describe a rectilineal ^ure similar and similarly 

situated to a given rectilineal figure. 

31. Two similar rectilineal figures may be divided into the same number of triangles 

such that every triangle in either figure is similar to one triangle in the other 
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XVI CONTENTS. 

PROP, 32. If a right-angled triangle be divided into two parts by a perpendicular drawn 
from the vertex of the right angle on to the hypotenuse, then the triangles 
so formed are similar to each other and to the whole triangle ; the perpendicular 
is a mean proportional hetween the segments of the hypotenuse ; and each 
side is a mean proportional between the adjacent s^ment of the hypotenuse 
and the hypotenuse. 



SECTION VI. 

PnoposiTioNS 33, 34. Miscellaneous Pkopositions. 

To find a mean proportional between two given s^ments of straight hnes. 

(i) If the interior or exterior vertical angle of a triangle be bisected by a straight 

line which also cuts the base, the base is divided internally or externally in the 

ratio of the sides of the triangle, 
(ii) If the base of a triangle be divided iotomally or externally in the ratio of 

the sides, the straight line drawn from the point of division to the vei'tes 

bisects the interior or exterior vertical angle. 



SECTION VII. 
Pkopositions 35 — 37, The Compounding of Ratios :^Duplicatb Ratio. 



If A, B, are magnitudes 


of the same kind, 




if T, U, V are magnitudes 


of the same kind, 
and if 




A:B^T:U, 


1 


[A,E]^[T,F}, 


and if Ji:C^U:V, 


1 and if 


[S,G]=[U,Vl 


then A:C=T:V. 


then 


[A,C]=[T, VI 



Arithnteiical Applicatio% of the Process of Gompoximding Ratio, 
r : s compounded with u : 'i> = rn : sv 
[ corresponding to the Arithmetical Theorem - x - — — ) , 
If A : B=B : 0, 

then A : C= duplicate ratio o{ A : B, 
If A:B = C:D, 

then the duplicate ratio oi A : B 
is equal to the duplicate ratio oi C : D, 
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SECTION YIII. 

Propositions 38 — 49. On Aebab. 

38. (i) If K:L = M:P, 

thoii reot. /f.P=i-eot. L.M. 

(ii) If rect. K.P = v<:Qt. L.M, 

thPU K L=M P 

39. The iei,tmf,le c nUirod tj the diagonals of i quilrilatcial ci tt h grcitpi 

tl iti the s im t the rectai gles ujntained bj oj pes te sides (It iiiaj he equal 
■ml then a oirtle can be deacnbed through tte vertices of the q iidiiliteral) 

40. Ihe ntic of the areas of two equiangular p-uallelogMms is the ratio which is 

compounded of the ratios of the r aidea 

41. The latio of the areas ot two triangles is the iitn compounded f the iitio of 

their bises anl the ritio of their altitudes 

42. The ai'eas of 'Similar tnangles are to une an ther in tie duplicate nt o of riP 

ip \i ng sdcs 

43. If 1 B = ( D = £ J' wh le ill the int,mtuiPi fie f th i o km! tl n 

1 5= ■l-f-t+r B+D + F 

44. The aieas of aimilar rectilineal figurea are tu one another in the duplicate ratio 

uf coriespondir^ sides. 

45. (1) If^ ■B=t? D, 

then figure ou A similar and similarly described figure on S 

= figuie on similar and similarly described figure on B. 

Ill) If fagaie on A similar and similarly described figure on B 

=h^me on G iimilar and similarly described figure on D, 

thou i B-^C B 

46. In any right angled triangle, any rectilineal figure described on the hypotenuse is 

equal to the sum of the two similar and wmilarly described figures on the sides. 

47. To descnbo a rectilineal figure similar to one given rectilineal figure and equal 

in area to another given rectilineal %ure. 

48. (i) Equal parallelograms which have one angle of the one equal to one angle 

of the other have the sides about the equal angles reciprocally proportional. 

(ii) Piiallclogiama having one angle of the one equal to one angle of the other, 

ajid the sides about the equal angles reciprocally proportional, are equal in area. 

49. (i) Equal triangles which have one angle of the one equal to one angle of the 

other have their sides about the equal angles reciprocally proportional. 
(ii) Triangles which have one angle in the one equal to one angle in the other and 
the sides about the equal angles roeiprocally proportional are equal in area. 
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SECTION IX. 

PiiOPOSiTioNs 50 — 55. Miscellaneous Geometrical Pkopositions. 

PEOP. 50. If the vertical angle of a triangle be bisected by a straight lino whicli also outs 
tlie baao, the rectangle contained by the sides of the triangle is equal to the 
rectangle contained by the segments of the base together with the square 
on the straight line which bisects the angle. 

51. If from any vertex of a triar^le a perpendicular be drawn to the opposite side, 

the diameter of the circle circumscribing the triangle is a fourth proportional 
to the perpendicular and the aides of the triangle which meet at that vertex, 

52. To divide a segment of a straight line internally or esternally ia extreme and 

63. Pandlelc^rams about the diagonal of any parallelogram are similar to the whole 
and to one another. 

54. If two similar parallelc^ramH have a common angle and be similarly situated 

they are about the same diagonal. 

55. If OAB be a given triangle it is required to find a point P on AB or AB produced 

so that if PQ be drawn parallel to OB to out OA in Q, and if PR be drawn 
parallel to OA to cut OB in R, then the parallelogram PQOR may have a 



SECTION X. 



Propositions 86—63. The ebmaining important thboeems m the Theories 


OP Scales / 


lnd op Ratio. 


PEOP, 5C. If A, B, C be three magnitudes 


of the same 


: kind, 


if T, U, V lie three magnitudes 


of the same 


: kind, 


and if 




A:B=U:V, 




{A,B]=.{U,Vl 


and if B:G^T:U, 


and if 


[_B,C]^lT,Ul 


then A:G=T:V. 


then 


[A,0]^[T, V-\. 


57. If A:B = X:Y, 


1 i.e. if 


iA,B]^[_X,n 


then A^B:B=X^Y:Y. 


1 then 


[A^B,B]=^{X+Y, Y]. 


58, If A:B^X:Y, 


i.e. if 


[A,B-\^[X,Y\ 


then A'-B:B = X~Y: Y. 


then 


{A-B,B]^lX-r,Y\ 


59. If A :B=X: F, 


1 i.e. if 


[vi,5]K[jr,r], 



then A~B:A-lB = X'-Y:X+Y. 



then [^~£,^ + £] = [X~F,X+r]. 
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CONTENTS. XIX 

PROP. 60. If A, B, G, D be fcnir harmonic points, A and G being conjugate, and if be 
the middla point of AG, then OC is a mean proportional between OD and OD. 

61, If A:G=X:Z, [ i.e. if [A, G-\=.[X, Z], 
and if B:G=Y:Z, j and if [S, C]=^[F, Z], 
then A^B: G=X+Y:Z. \ then [A+S, C]=i[Z+F,2], 

Aritkinetical Application of the Process of Aggregating Ratio. 

r : s a^regated with » ; v=i'>' + us : its. 
(This corresponds to the Arithmetical Theorem - + -= — .1 

62, If A : 5 = X : Y, I i.e. if [A, 5]=:[X, 7], 
then i s5=rl si \ then [i 4 sS] = [ T fF] 

63, li E, L M P yya four stn:ght Imcs in picpcrtion if the lengtl of Z ^nl M 

be hxed if the length uf A ci be mide sniillar thin tlat of a y hne 1 meiei 
small to show that the 1 igtl ot P t I p i ide t,ieatPi than th'jt f i ^ 
line § howeioi great § mi^ le 



SECTION XI. 
Peopositions 64, 65, Other Propositions in the Thi;ory of Ratio. 
PEOP. 64 If A, B, C, D are magnitudes of the same kind, and U A : JS=0 : B, then 
A-G-.B-D^A -.B. 
65. If A, B, G, D ai'e magnitudes of the same kind, and if A : B=C' : D, then the 
sum of the greatest and least of the four magnitudes is greater than that of 
the other two. 

Propositions in the Notes. 






y Google 



LIST OP ABBREVIATIONS. 





+ 




Plus. 




- 




Minus. 




= 




Equal to. 




< 




Less than. 




> 




Greater than. 




A~B 




The difference of A and B. 




A -B 




The ratio ol A lo B. 


A 


-.B-.-.C: 


B 


The ratio of J to 5 is the same as the ratio of C to a 




[A,B] 




The relative multiple scale of A, B. (Art. 33.) 




=: 




Is the same as. (Art. 33.) 


i^, 


.B]=^[0\D] 


The relative multiple scale of A, B is the s;tme as the relative multiple 








of 0, D. (Art. 33.) 




* 




Compounded with. (Art. 179.) 




« 




Aggregated with, (Art. 191.) 
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SECTION I. 

PROPOSITIONS 1—8. 
ON MAGNITTTnES AND THEIE MULTIPLES. 

Art. 1. Number. 
In this book except where otherwise stated the word Number will be used 
as an abbreviation for Positive Whole Number. 

Notation for Number. 
A Number will always be denoted by a small letter. 

Art. 2, Notation for Magnitude. 
A Magnitude will be denoted throughout this book by a capital letter*. 

Art. 3. Def, 1. MULTIPLE. 

One magnitude is said to be a multiple of another magnitude, when the 
former contains the latter an exact number of times, 
e.g. (1) If A = 5B, 

then ^ is a multiple of B, 

or, more particularly, A is the fifth multiple of B. 

(2) If A= rB, 

then J. is a multiple of B, 

or, more particularly, A is the rth multiple of B. 

It will be in agreement with the above nomenclature, when A is equal to B, 
to say that A is the first multiple of B; and to call the rth multiple of B and 
the rth multiple of G the same multiples of B and C. 

Art. 4. It is necessary to prove certain propositions regarding magnitudes 
and multiples of magnitudes before entering upon the discussion of the relations 
between magnitudes. 

* A point will also be denoted by a capital letter, but this will not lead to any difGoulij. 
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Art. 5. PROPOSITION I.* (Euc. v. 1.) 

Enunciation. To prove that r{A-\-B) = rA-^ rB. 

Construct the following diagram. 

Draw a rectangle. 

Draw one line parallel to one pair of sides, dividing it into two compartments. 

Draw {r — 1) lines parallel to the other pair of sides, dividing each of the two 
iompartments into r compartments. 

Ill or upon each one of the upper row of compartments place the magnitude A ; 
md in or npon each one of the lower compartments place the magnitude B. 

r compartments 



AAA A 

B 8 B S 



Fig. 1- 

Then, adding together the two magnitudes in any column the result is ^ + i?, 
and as there are r columns, the sum of all the magnitudes on the whole rectangle 
is r{A-VB). 

Again, adding together the magnitudes in the upper row the result is rA, and 
the sum of the magnitudes in the lower row is rB. 

Hence the sum of all the magnitudes is rA + rB. 

But the sum of all the magnitudes is independent of the order in which they 
are added. 

.-. r{A + B) = rA+rB. 

Art. 6. EXAMPLE 1. 
application, of Proposition I, prove that 

r{A-^B-\- ...+IQ = rA-\-rJl + ... + rK. 



Art. 7. PROPOSITION II.* {Euc. v. 2.) 
Enumciation. To prove tJtat {a -Y h) B ^ nR + bB. 
Take any rectangle. 

Draw {a + b — 1) straight lines parallel to one pair of sides, thui 
into (a + b) compartments. 

* See Note 1. 



dividing it 
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EUCLID, BOOKS V, AND VI. 
Ill each of these compartmenta place the niagnitade M. 



a compartmenta b conipaitmenta 

Fig. 2. 

Then the sum of all the magnitudes is (a + b) R. 

Again, separating the magnitudes into two groups, consisting respectively of 
the magnitudes in the first a compartments, and the magnitudes in the remaining 
b compartments, the sum of the magnitudes in the first, group is aR, and the sum 
of those in the second group is bR. 

Hence the sum of all the magnitudes is aR + bR. 

But this sum was shown above to be {a + b) R. 

.-. {a + b)R = aR + bR. 

Art. 8. EXAMPLES. 

2. Prove that {r + s + t+ ... +a) A =rA +sA + tA + ... + zA. 

3. If A and B are both multiples of G, prove that A + B i& a. multiple of G. 



Art. 9. PROPOSITION III.* (Euc. v. 5.) 

li^NUNCiATiON, ff A > B, then r (A - B)^rA — rB. 
Since A > B, 

let A==B + C. 

^rB + rC [Prop. 1. 

.-. rC = rA -rB. 



But C = ^1 - 

.■, r(A-B) = rA- 
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4 EUCLID, BOOKS V. AND VI. [10 

Art. 10. PROPOSITION IV.* (Eug. v. 6.) 
Enunciation, If ii>h, prove that {a-b) R = aR - hR. 
Since a>h, and each is a positive integer, 
.■. {a — h) is a positive integer which may be called c. 
.'. a = i + c. 
.-. aJJ = (6 + c)fi 

= 6ie + cR. [Prop. 2, 

.■. cR^aR-hR 
.-. (a-b)R = aR-bR. 

Art. 11. EXAMPLE 4. 
If A and Ji arc multiples of G, thoii the difference of A and B its & multiple of G. 

Art. 12. PROPOSITION V.f 

Enunciation. To prove that 

r {sA) = Ts {A) ^sr{A) = s (rA). 

Let a rectangle be drawn and divided into compartments standing in r columns 
and s rows. 

Place the magnitude A in each compartment. 

Then the sum of the magnitudes in any row is vA, and the sum of those in any 
column is sA. 

Since there are s rows, the sum of all the magnitudes is s(rA). 

Since there are r columns, the sum of ail the magnitudes is r{sA). 

If the number of the magnitudes be counted, it is rs, or it may also be expressed 
as ST. 

Hence the sum can be written in either of the forms rs{A) or sr{A). 

But the sum of the magnitudes is the same in whatever way it is determined. 
.-. r{sA) = rs{A)^8r{A) = s{rA). 

Art. 13. EXAMPLE 5. 
If A and B are multiples of G, then the sum and difference of rA and sB are 
multiples of G. 
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Art. 14. PROPOSITION VI (i) 

Enunciatiok. If A>B, then rA > vB ; 
If A^B, then rA - rB ; 
If A<B, then rA < rB. 



If 



If 
then 

If 
then 

Honce 



A>B, 

A = B+0. 
rA =)■(£ + G) 

'^rB + rC 
rA > rB. 

A^B, 
rA = rB. 

A<B, 

B>A. 
rB>rA, ] 
rA < rB. 



[Prop. 1, 



what is proved above. 



PROPOSITION VI (ii). 

Enunciation. If rA> rB, tfien A> B ; 
If rA= rB, then A = B ; 
If rA < rB, then A < B. 

If rA > rB, 

suppose if possible that A is not greater than if. 

Then either A = B, 

or A <B. 

But by the lirst part of this proposition, 
if A^B, then rA^rB; 

and if A<B, then rA < rB. 

Both these results are contradictory to the hypothesis that rA > rB. 

Hence A must be greater than B. 

The second and third cases can be proved in like manner. 
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Art. 15. PROPOSITION VI (iii). 



Enunciation. If a>b, then aR>bB; 

If a=^h, then aR = bR ; 

If a<b, then aR < bE. 
If a>b. 



let a^b + c, 

.-. aR^{b + c)R 

= bR + cR; [Prop. 2. 

.■. aR>bR. 
If a^b, 

then aR — bR. 

If a<b. 

then b>a, 

.-. bR>aR, by what was proved above. 
.-. aR<bR. 

PROPOSITION VI (iv), 

Enunciation. If aE>bR, then a>b; 
If aR = bR, then a = b; 
If aR<bR, then a<b. 
If aR > bR, 

suppose if possible that a is not greater than b. 

Then either a= b, 

or a<b. 

But by pa.rt (iii) of tliis proposition, 

if a = ?>, then aR = bR; 
and if (t < &, then aR < bR. 

Both these results are contradictory to the hypothesis that 

aR > bR. 
Hence a must be greater than b. 
The second and third cases can be proved in like manner. 
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Art. 16. EXAMPLES. 

e. (i) IE aU>bF, 

bT>cU, 

prove that aT>er. 

(ii) I£ nrU>tV, 

and tT>nsU, 

prove that rT>sV. 

7.* If rA>sn, 

and rC<sI), 

prove that no integers r', s' can exist such that 

r'A<s'B, 
and r'C>s'D, 

Art. 17. Def. 2. EQUIMULTIPLES. 

If the same multiples be taken of each of two magnitudes, they are 
called equimultiples of the magnitudes. 

Thus 2A and iB are equimultiples of A and B. 

„ SA „ 3B ,. 
And in general 

rA and rB are equimultiples of A and B. 

Art. 18. EXAMPLE 8. 
Find the smallest equimultiples of i and 5, ivhich differ by more than 6. 

art. 19. geometrical illustrations of equimultiples. 

First Illustration. 
To construct equimuHiplea of a -parallelograin and its base. 
Let ABCD be a parallelogram standing on the base AB. 



D C 

a: 
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On AB produced take any numlaer of lengths BJ?, HF, FG, GH each equal 
to AB, and through E, F, G, H draw parallels to BC cutting DC produced in 
K, L, M, N respectively. 

Then the parallelograms ABGD, BEKG, EFLK, FGML, GHNM are all equal 
because they stand on equal bases and are situated between the same parallels. 

Therefore the parallelogram AHND is the same multiple of the parallelogram 
^BCD as ^H is of ^S. 

Therefore parallelogram AHND, base AH 

are equimultiples of parallelogram ABGD, base AB. 

l^ AH = r{AB), then AHND^t(ABGD). 

Art. 20. Second Illustration. 

To construct equimtdtiples of a tnangle and its base. 

Let ABG be a triangle standing on the base AB. 

On AB produced take any number of lengths BD, BE, EF each equal to AB, 
and join CD, GE, CF. 

Then the triangles GAB. GBD, GDE, 
OEF all stand on equal bases, and have 
the same altitude. 

Therefore they arc equal in area. 

Therefore the triangle AFG is the same 
multiple of the triangle ABG as AF is 
of AB. Fig. 4. 

Therefore triangle AFG, base AF 

are equimultiples of triangle ABG, base AB. 

li AF = riAB), then tsAFG = r{£i.ABC). 

Art. 21, Thied Illustb.^tion. 

To construct eijuimultiples of the three magnitudes, ike angle at the centre of 
a circle, the arc on which it stands, and the sector hov/nded by the arc and the 
sides of the angle. 

Let be the centre of a circle. 

Let AOB be an angle at the centre standing on the arc AB. 

Now make any number of angles BOG, GOD. DOE. EOF, FOG, GOH each 
equal to AOB. 

Then the arcs BC, CD, BE, EF. FG, GH are each equal to the arc AB, 
because they subtend equal angles at the centre of the circle. 
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! multiple of tiiG arc AB as the angle AOH is 



Hence the arc AH is the aai 
of the angle AOB. 

Therefore arc AH, angle AOH 

are equimultiples of arc AB, angle AOB. 

Further since each of the sectors BOG, COB, 
DOE, EOF, FOG, GOH can he superposed on the 
sector AOB, they are all equal. 

Therefore the sector AOH is the same multiple 
of the sector AOB as the angle AOH is of the 
angle AOB. 

Therefore Bector 40.ff, angle AOH 

are equimultiples of sector AOB, angle AOB. 

Therefore 

arc ^^, angle ^Oif, sector AOH 
are equimultiples of arc AB, angle AOB, sector .^105, 

If arc.d^=r(arc^iJ), then AdH^r(At)B), and sector^O-ff=r(sector AOfi). 




Fig, 5. 



Art. 22. Fourth Illustration. 

To construct equimultiples of the intercepts made by two parallel straight 
lines on two other straight lines. 

Let the straight lines OX, F be cut by the parallel lines AB, CD. 

To construct equimultiples of the intercepts AC, BD. 

Draw any straight line PQ pai-allel to AB, cutting OX at P and F at Q. 

From P along PX set off any number of lengths PR, 
ES, ST each equal to AC, and draw TW parallel to AB 
to cut OY at W, then FT and QW are equimultiples of 
AC and BD. 

For draw RZ parallel to PQ to cut OY at Z. 

Draw BE, QN parallel to OX cutting OD at E, and 
RZ at iV" respectively. 

Then BE^AG^PR= QN 

EBD^XOY^NQZ 
Bt)E = QZN 

.", the triangles BED, NQZ are congruent, 
,■, BD^QZ. 




Fift, 6. 
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In like manner if SV be drawn parallel to AB, ZV will be equal to BD\ 
and if TW be drawn parallel to AB, VW will be equal to BD. 
Hence PR, R8, ST being each equal to AC, 
QZ, ZV. VW are each equal to BD. 

:. QW is the same multiple o? BD 
as PThoiAC; 
.-. PT, QW 
are equimultiples of AO, BD. 
If PT^r(AC), then QW = r(BD). 

Art. 23. AXIOM. 

If A and B are two magnitudes of the same kind, it is always possible 
to find a multiple of either which will exceed the other. 

This is usually known as the Axiom of Archimedes. But Euclid uses it in 
the Fifth Book, see Euc. v. 8, and it is also implied in the fourth definition of 
the Fifth Book. 



Art. 24. PROPOSITION VII. (Contained in Euc. v. 8,) 

Enunciation. If X, Y, Z he three magnitudes of the sanie kind, and if X 
and Y be unequal, then it is always possible to find equimultiples of X and Y, 
such that some multiple of Z lies between them. 

Since X and Y are unequal, one of them must be the greater. 
Let Y be greater than X. 

It is to be proved that integers n and s exist, such that 
nX < sZ, and sZ < iiY; 
or more briefly, nX <sZ <. nY. 

Since Y >X, therefore Y — X is, a, magnitude of the same kind as Z. 
Hence an integer n exists, such that 

n{Y-X)>Z. [See Axiom, Art. 23. 

.-. nY-nX>Z. 
.-. nY>nX + Z. 
Now let tZ be the greatest multiple of Z which does not exceed nX. 
Then either (i) nX = tZ, 

or (ii) tZ<nX<(t+l)Z. 
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Now (i) if 

then 



(ii) 
then 
But 
and 



Replacing (( + 1) by 
such that 



EUCLID, BOOKS V. AND VI. 
nX = tZ, 

nX<it\ 1) Z. 
k7 > iiZ + Z, 
:. nY>tZ+Z; 
.-. nX<(i + l)Z<nY. 
tZ<nX<(t + l)Z, 
nX<{t + 1) Z. 
nY>nX + Z, 
nX > tZ, 
.-. nY>(t + l}Z. 
nX<(t + l)Z<nY. 
. it follows that integers n 



nX < sZ < nY. 



Art. 25. An illustration of Prop. 7 is given in Fig, 7 in the 
case where X, Y, Z ai'e segments of straight lines. 

Here OA and OB are equimultiples of X and F, such that 
AB is greater than Z, and OC is a multiple of Z, which is greater 
than OA, but less than OB. 

It should be noticed that ^Z lies between %X and 3F, 
that %Z lies between 4X and 4F, 
but this is ascertained only after the figure has been drawn, whilst 
the fact that a multiple of Z, which in this case is 42, lies be- 
tween 5X and 5F is determinable from the consideration that 
o{7-X)>/, as in Prop. 7. 



9. Prove the 

If X, 7, Z be three n 



Art. 26, EXAMPLES, 
of Prop, 7, via. ;— 
.gnitudea of the 



3 kind, and if no multiple 
of Z can be found which is intennediate in magnitude between any 
equimultiples of X and Y, then. X and Y must be equal. 

10. If Z = 4, F-5, 2=^0, find from a figure the least value of i 
single multiple of Z is intermediate in magnitude between nX and n,F. 

Find also the least value of ii for which two multiples of Z are intermediate i 
maitiiitude between nX and nY. 



Fig. 7. 
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11.* (i) If rA>sB, 

and rC^sD, 

prove that integeis n, t exist such that 

nrA > tB, 

and nrC<tD. 

(ii) If rA = s£, 

and rC<sD, 

prove that integers n, t exist such that 

nrA > tB, 

nrC<tD. 

Art. 27. The multiples of A can be arranged in order of magnitude as 
follows : — 

A, %A, ZA, 4A, ..., vA, ... 
and this series, every term of which is known when A is known, can be carried 
on to any extent. 

Art. 28. SCALE OF MULTIPLES or MULTIPLE SCALE. 
Def. 3. The set of magnitudes 

A. 2A, ZA, iA, ..., rA, ... 
may be called collectively the scale of the multiples of A, or more briefly 
the multiple scale of A. 

Art. 29. If A and B be two magnitudes of the same kind, then however 
small A may be, or however great B may be, the multiples in the scale 

A, 2A, SA, iA, ..., rA, ... 
will, after a certain multiple, all exceed Bf. 

In like manner, after a certain multiple, they will all exceed 2B; and, so 
on, multiples can be found which will exceed 

■SB, 4S, ..., sB 

Hence it is possible to determine the positions of the magnitudes 
B, 2fi, SB, 4B, ..., sB, ... 
with regard to the scale of the multiples of A. 

Hence it is possible to arrange in a single seiies in ascending order the 
magnitudes occurring in the multiple scales of two magnitudes A and B of the 
same kind. 

+ See Axiom in Art. 33. 
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Art. 30. For example, take any two lengths A and B and an indefinite 
straight line OX. 

Starting from a fixed point on this line, mark off lengths equal to A on the 
left of it, and equal to B on the right of it as in Figure 8, This figure can be 
continued upwards to any extent. 



7 

5 

G 

4 

5 
3 

4 

2 

2 

1 
A B 



Kg. e. 



Fig. 9. 



With the above values of A and B the magnitudes printed between Figs. 8 
and 9 are in ascending order of magnitude, and they may be continued vertically 
upwards to any extent. 

If two of the magnitudes in the series are equal, they should be placed on 
the same horizontal line. 

Now let horizontal lines be drawn between consecutive multiples, and let 
the multiples of A be moved to the left, there being no vertical motion. 

Then let the letters A and B be removed. 

Then let A be placed below the column of figures on the left, and B below the 
column of figures on the right. 

The result is Figure 9, which can be continued vertically upwards to any extent. 



y Google 



EUCLID, BOOKS V. AND VI. 



[31 



Art. 31. Thf. 4. RELATIVE MULTIPLE SCALE OF TWO MAGNITUDES. 

The portion of the diagram in Fig. 9 above the letters A and B ia called 
the relative multiple scale of A, B; or more briefly the scale of A, B. 

It ia merely a device for showing the order of the succession of the multiples 
of A and of 5 in a single ascending series. 

The magnitude A is called the first term of the scale, and B the second term 
of the scale. 

The figures above A are said to stand in the first column of the scale; those 
above B in the second colunm of the scale. 

Art. 32, If a number r standing in the first column is at a higher level than 
a number s in the second column, it means that 
tA is greater than sB. 



It will be convenient to indicato this last state- 
ment by drawing a diagram as in Fig. 10. 



In like manner the statement that 

rA is equal to sB 
may be indicated by the diagram in Fig. 11, 



and the statement that 

rA is less than sJ5 
may be indicated by the diagram in Fig. 12. 



Fig. 13. 

In Figures 10 and 12 the single horizontal line between r and s represents 
one or more horizontal lines in the scale of A, B, 
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found convenient to use the following abbreviations :- 



Art. 33. It 

(1) "The scale of ^, B" is abbreviated into [A, £]. 

(2) "is the same as" is abbreviated into =. 
Thus tho sontence 

" the scale of A, B is the same as the scale of 0, D " 
is abbreviated into 

[A, B] = [C, 7)], 



Art. 34. As another example of a scale let A he a segment of a straight 
line 3 inches long, and B a segment of a straight line 4 inches long, then the 
magnitudes printed on the left of Fig. 13 are in ascending order of magnitude. 
Equal magnitudes are placed on the same horizontal line. 

The relative multiple scale of A, B will be found in Figure 13. 

As another example the relative multiple scale of lines 5 and 6 inches long 
respectively is given in Figure 14 



9 
8 6 

1 

4 
S 

4 3 
3 

2 
2 

1 
1 



7 

6 5 
5 

4 
4 

3 
3 

S 
2 

1 
1 
5 6 



Art. 35. If the scale of A, B is the same as that of C, I), take any integer r 
in the first column, and any integer s in the second column. 
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Then there are three alternatives. In both scales 
(i) r is above s, 
or (ii) r is on the same level as s, 
or (iii) r is below s. 

If T is above s, then this indicates that 

tA > s5, 
and at the same time 'rC'> sD; 

and the corresponding figures are 



[35 



Fig. 15. 

If r is on the same level as s, then this indicates that 
rA = sB, 
and at the same time rC — sD; 

and the corresponding figures are 



A B 



C D 



Pig. 16. 

If r is below s, then this indicates that 

rA < sB, 
and at the same time rG <sD; 
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Hence if the scale of A, 
of the integers r and s it is 



? is the same i 
found that 



i that of C, D and if for any value 



n r is above s in the t 
Hence r is above s in 



Hence 

In like manner 



then r is above s in the scale of A, B. 

the scale of C, D. 
.■. rG>sJ). 
if rA > sB, then rG > sD. (1) 

if rO > sD, then vA > sB, (2) 

a rA'^sB, then rG^sD, (3) 

if rG = sB, then rA = sB, (4) 

iirA<sB, then rC < sD, (5) 

if rG < sD, then rA < sB. (6) 

It is to be noted that these six conditions must be satisfied for every value of 

the integer r and every value of the integer s (not merely for some single value of 

the integer r and some single value of the integer s). 

The whole eix conditions are not however all independent of one another. 

They will all hold if (1), (3) and (5) hold; or if (2), (4) and (6) hold; or if (I), 

(2), (5) and (6) hold as will now be shown. 
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Art. 36. PROPOSITION VIII. (i)- 
FmsT Form of the Conditions that two scales may be the same. 

// all values of r, s which make 

(1) rA>sB, also make rO > sD ; 

(2) rA ~ sB, also make rC = sD ; 

(3) rA < sB, also make rC < sD ; 
then conversely will all values of r, s which make 

(4) rC > sD, also make rA > sB ; 

(5) rC = sD, also make rA = sB ; 
(ft) rC < sB, als.0 make rA < sB ; 

and therefore the scale of A, B will be the sa/me as that of C, D. 

Suppose if possible values of r, s exist which make rG > sZf but do not make 
rA > sB. 

Then either rA = sB, 

or rA < sB. 

if rA=sB, then by (2) rO — s.V, which is contrary to the hypothesis that 
rG>sD. 

If rA < sB, then by (3) rC < sD, which is also contrary to the hypothesis. 

Hence if rC>sI), then must rA >sB. 

Hence the condition (4) is involved in the conditions (1), (2) and (8). 

In like manner it follows that the conditions (5) and (6) ai'c also involved in 
the conditions (1), (2) and (3). 

Hence the scale of A, B is the same as that of G, B. 



Art. 37. PEOPOSITION VIII. (ii). 
Second Form of the Conditions that two scales may be the same*, 
If all values of the integers r, s which make 

{!) rA>sB, also make rG>sD 



(2) rA< 

(3) rO>«A 

(4) rC < aD, 

e Stolz, VtiTUmn^eii Ubei 



also make rC<sD; 
also make rA > s. 
also make rA < s. 
AUgemeine Arithmetik, Tart I., 
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then if there are any values of the integers r, s which make 

(5) rA=sB, they must also make rG = sD ; 

(6) rG^sD, they must also make tA=sB; 
and therefore the scale of A, B is the same as that of G, D. 

Suppose if possible that some values of r, s exist which make rA — sB, but 
rG not equal to sD. 

Then either rC>sD, 

or rG < sD. 

If rG > sD, 

then by (3) it follows that rA > sB, 

which ia contrary to the hypothesis that 

rA = sB. 

If rC<sD, 

then by (4) it follows that rA < sB, 

which is contrary to the hypothesis that 

rA = sB. 

Consequently rC is neither greater nor less than sD. 

Hence i{rA=sB, then rC=sD, 

In like manner if rC = sD, then rA = sB. 

Consequently the scale of A, B is the same as that of G, B, 

Art. 38. EXAMPLES. 

12. If for a single value of the integer r, say r^, and a single value of the integer s, 
say s, , it is true that 

r,A = s,£ 
and r,C=s,D, 

then, prove that any values of the integers r, s which make 
(!) rA>sB, also make rC>aD, 

(2) rA = sB, also make rG^aD, 

(3) rA<sB, also make rG<sI). 
13.* If rA<sB, 



if tC<uF; 

and if fiu'ther \A, B\ =^ [C, D\ 

prove that E<D<F. 
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Art. 39. D&f. 5. THE IDENTICAL SCALE. 

If A^B, 

then tA^tB. 

Hence in the scale of A, B, the number r iu the first column is always 
on the same level as the same number r in the second column. Hence the 
scale of A, A is 



r r 

3 S 

2 2 

1 1 

A A 



This 



Fig. 13. 
i called the Identical Scale. 



Art. 40. EXAMPLES. 

14. Form the relative multiple scale of 

(1) lines 7 inches long and 8 inches long respectively, 

(2) lines 8 inches long and. 9 inches long respectively. 
How far are the two scales the same? 

15. Let A be the side of a square, and £ its diagonal ; form the relative multiple 
scale of A and B far enough to show that the tenth multiple of B lies between 
the fourteenth and fifteenth multiples of A. 

16. Let A be the side of a square, and jS be the hypotenuse of a right-angled 
triangle, one of whose sides is A and the other is tlie diagonal of the squai'e. Form the 
relative multiple scale of A and B far enough to show that the tenth multiple of B 
lies between the seventeenth and eighteenth multiples of A. 

17. Let A be the diagonal of a square, and B be the hypotenuse of a right-angled 
triangle, one of whose sides is A and the other is a side of the square. Form the 
relative multiple scale of A and B far enough to show that the tenth multiple of S 
lies between the twelfth and thirteenth multiples of A. 
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THE SIMPLER PROPOSITIONS IN THE THEORY OF RELATIVE MULTIPLE 
SCALES "WITH GEOMETRICAL APPLICATIONS. FIRST SERIES. Nos. 9-16. 



Art. 41. PROPOSITION IX.^ (Euc. V. 15.) 

Enunciation 1. To prove that the scale of A, B is the same as the scale of 
nA, nB, 
i.e. [A, B] = \_nA. nB\ 

Enunciation 2. To prove that two magnitudes have to one another the same 
ratio as their equimultiples, 
i.e. A:B = nA:nB. 

Take any integers r, s in the first and second columns respectively of the scale 
of A, B. 

There are three alternatives, represented hy the figures 



A B 



Pig. 19. Fig. ao. 

which severally express the facts 

tA >sB rA= sif 

from which follow 

nrA > nsB nvA = nsB 

.: r(,iA)>s(nB} r(nA) = s(nB) 



Fig. 21. 
rA < sB 



nrA < nsB 
r{nA)<,(:nB) 
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1 the scale of nA, nB by the figures 



[41 







r 


s 






)tA 


nB 



Comparing the Figures 22, 23, 24 with the Figures 19, 20, 21 respectively, 
it follows at once that 

the scale of A, B is the same as that of nA, nB*. 

Art. 42. The case of the above Proposition in which ra = 2 will often be 
required, 
i.e. {A, B] = \2A, 2B\ 

Art. 43. Since n represents any whole number whatever, it may have an 
infinite number of values. 

Hence nA and nB represent an infinite number of pairs of magnitudes, e.g. 

2J. and 2B, 'iA and ZB, such that the scale of any pair is the same as 

that of A, B. 

Hence there are an infinite number of pairs of magnitudes which have the 
same scale. 

Hence if a scale be given, the magnitudes of which it is the scale are 
not given. 

Thus two magnitudes of the same kind determine a definite scale ; but if a 
scale only be given, the magnitudes of which it is the scale are not given. 

Art. 44. Arithmktical Application of Proposition IX. 
Let r and s be two whole numbers. 

Let the number r be divided into s equal parts, and let each part be denoted 
by the symbol - . 

* It ^ aDci B ace numbers, then denoting numbers by small letters it follows that 
[r, s] =1 [nr, nK]. 
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Then .Q = ,, 

and s (1) = s. 

Now by Prop. Q. [A, B] = [nA, nB]. 



Take 



= 1, 



and )? = s. 

Then r^, ll =:[r,s]. 

Hence the relative multiple scale of the two numbers r, s determines the 
rational fraction which is denoted by the symbol - . 

Although the term " ratio " has not yet been defined it may here be stated 
that the rational fraction - is taken to be the measure of the ratio of r to s. 

Art. 45. PROPOSITION X. (Euc. V, 11.) 

Enunciation 1. 

If the scale of A, B is the same as that of G, D ; 
and if the scale of A, B is the same as that of E, F ; 
then the scale of 0, D is the same as that of E, F ; 
i.e. if [A, B] == [C, D], 

and if [A, B] ^ [E. F], 

then [C. D] ^ [E, F]. 

Enunciation 2. Ratios which are ccjual to the same ratio are equal to one 
another, 

i.e. if A:B = C:D, 

and A ■.B = E:F, 

then C:D = E:F. 

There is a certain scale, viz.: — that of A, B. 

The scale of 0, D consists of the same arrangement of numbers as that of A, B. 
So also does the scale of E, F. 

Hence the scale of C, D is the same arrangement of numbers as the scale 
of E. F. 

.-. [G, D] - [E, F]. 
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Art. 46. Def. 6. MEASURE. 
If a magnitude A contains another magnitude £ an exact number of 
times, B is said to be a measure of A. 

Art. 47. Def. 7. COMMON MEASURE, 
■nagnitudes A and £ each contain another magnitude G an exact 
' times, then G is said to be a common measure of A and B. 



If the 
number c 



Art. 48. Def. 8, 
If two magnitudes have 
mensurable. 



COMMENSURABLE MAONITUOES, 

a common measure they are said to be corn- 



Art. 49. PROPOSITION XI. (Euc. X. 5.) 

Enomciation 1. The scale of two commensurable magnitudes is the same as 
that of t/wo whole nwnhers. 

Enunciation 2. Commensurable magnitudes are to one another in the ratio 
of two whole numbers. 

Let A and B be two commensurable magnitudes. 

Let N be their common measure. 

Then A = aN, 

B = bN, 
where a, h are some two whole numbers. 

It will DOW be proved that [A, B} ~ {a, 6]. 

Take any integers r in the first column, s in the second column of the scale 
of A, B. 

Then there are three alternatives represented by the figures 



Fig. 35. Fig. 26- 

which severally express the facts 

rA >sB rA^ sB 

:. raN'>sbN :. raN = sbN' 

ra>sb .■. ra^sb 



rA < sB 
raN < sbN 



[Prop. TI. (iv) 
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These are represented in the scale of a, b hy the figures 



Fig. 1 



Fig. 29. 



Comparing Figure 28 with Figure 25, 
Figure 29 with Figure 26, 
and Figure 30 with Figure 27, 
it follows that [A. B] = [a. b]. 

Art. 50. The above proposition expresses the fact I 
[kA'", bN] ^ [a, 6]. 






[Art- 44. 
[Prop. 10. 



Art. 51. On comparing Props. 9 and 11, 
viz. Prop. 9, {nA, nB] = {A, B\ 

and Prop. 11, [aN, hK} ^ [a, b], 

it is seen that magnitudes in either are replaced by whole numbers in the other. 



Prove the 

If the scale of two 
e magnitudes are commensurable. 



Art. 52. EXAMPLE 18. 
of Prop. 11, viz.:— 



i that of two whole numbers, the 
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Art. 53. PKOPOSITION XII. 



? are three magnitudes of the same 
: scale of A, G is not the same as 



Enunciation. To show that if A, B 
kind, and if A is not equal to B, then . 
that of B, a 

If A and B are unequal, one of them is 
the greater. 

Let A be greater than B. 

Then integers r, n exist such that 

rA>nC> rB, [Prop. 7. 

.-. rA>nG, 
but rB<nO. ^'^' ^^" 

If now (see Fig. 31) the scale of A, (7 be formed, r standing in the first column 
is higher than n standing in the second column. 

But in the scale of B, C (see Fig, 31), r standing in the first column is lower 
than n standing in the second column, 

Hence the scale of A, C is different from that of B, G*. 



Art. 54. D^f 9. CORE ESPOK DING POINTS AND SEGMENTS ON 
TWO STRAIGHT LINES. 

When two straight lines are cut by a single system of parallel straight 
lines, it is convenient to call the two points, in which one of the parallel 
straight lines cuts the two straight lines, corresponding points; and to call 
the segments of the two straight lines between any pair of the parallel 
straight lines corresponding segments. 

Hote. If the two straight lines intersect, the point of intersection on one 
straight line will correspond to itself on the other straight line. 
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Art. 55. PKOPOSITION XIll. (Containing the first part of Euc. VI. 2.) 

Enunciation 1. If two straight lines be cut hy any nmnher of parallel 
straight lines, to prove that the scale of any two segments of one line is the 
same as that of the corresponding segments of the other line. 

Enunciation 2. If two straight lines be cut by any number of parallel 
straight lines, to prove that the ratio of any two segments 
of one line is equal to tliat of the corresponding segments 
of the other line. 

Let the intersecting lines OX, OF be cut by the 
parallel straight lines AB, CD, EF, QH. 

Then the segment AG corresponds to the segment BD, 
and the segment EG corresponds to the segment FH. 

It is required to prove that 

[AC,EG]^iBD,FHl 

Take any integer r in the first column, and any integer 
column of the scale of AG, EG. 

Then there are three alternatives shown by the figures 




r 








AC 


EG 







r 


* 






AC 


EG 



AC EG 



which express the facts 
r{AC)>3(Ea} 



r(AC)-s{Ea) 



r{AO)<s(EG). 
4—2 
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Then in order that the scale of AG, EG may be the same as that ol' BD, FH 
it ia necessary to show that in these several cases 



r 






' 


BD 


™ 







. 


• 






BD 


FH 



which express the facts 
r{BD)>siFR) 



r{BD} = s(FH) 



r{BD)<s{FH). 



On GX set off a length GK etjual to r{AG), then draw KL parallel to AB 
cutting HY at L, then it is known by Art. 22 that HL ig equal to r (BD). 
Also on GX set off a length GM equal to s{EG). 
Then draw MN parallel to AB cutting HY at N. 
Then it is known by Art. 22 that UN Vi equal to s{FH), 




Since KL, MN are both parallel to AB, they are parallel to < 
Therefore M and N are on the same side of KL. 
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Hence in the several figui 



If GK > QM 


If GK= GM 

the straight lines KL, 
MN coincide. 


If GK < GM 


thou HL > HN 


.-. HL = HN 


then HL<HN 


i.e. if r{AC)>s{EG) 


i.e. if TiAC) = s{EG) 


i.e. if TiAC)<s{EG) 


then r{BD)>s{,FH) 


then r{BD)^s{FH) 


then r{BD)<s{FH) 


i.e. tlie feet eipressed by Fig. 36 
is a oonaequence of that 
expressed by Fig. 33. 


i.e. the fact espressed by Fig, 37 
is a consequence of that 
espi-essed by Fig. 34. 


i.e. the fact expressed by Fig. 38 
is a consequence of that 
expressed by Jig. 35. 


Hence the scale of AG, EG is the same as the scale of BD, FH. 




Art. 56. COKOLLAEY. 





As a particular case of the preceding, it follows that if ABC be a triangle, 
and if the sides AB, AG be cui by any straight li)ie parallel to BC, then the 
sides AB, AG are divided proportionally. 

Let DE, parallel to BO, cut AB at D and AC at E. 

There 




Pig. 42, 

The point A corresponds to the point 

B 

T-> 
The segment AB „ „ segment AG 

AD „ „ „ AE 

BD 
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Art. 58. COROLLARY TO PROP. XIV. (Euc. VI. 11.) 

Enunciation 1. Gi.ven two straight Unea, to find a third such that the scale of 
the first and second is the same as that of the second and third. 

Enunciation 2, To find a third proportional* to two given straight lines. 
Thi.? is the particular case of the above Proposition in which EF = CD. 

Art. 59. Def. 10. SIMILARLY DIVIDED STRAIGHT LINES. 

Two straight lines are said to be similarly divided, when the scale of 
any two parts of one straight line is the same as that of the two corre- 
sponding parts of the other straight line. 



Art. 60. PROPOSITION XV. (Euc. VI. 10.) 
Enunciation. To divide a straight line similarly to a, given divided straight 



It is required to divide the given straight line AB in the same way as the line 
CF is divided at I) and E. 

Through A draw any straight line AX (not in 1 — ! 

the same straight line as AB). and on it measure 
oif AG^GD, GH^DE, HK = EF. 

Join BK, and draw GL, HM parallel to BK 
cutting AB in X, M respectively. 

Then since GL, HM, BK are parallel lines, the 
segments AG, AL correspond; so do GH, LM\ 
and HK, MB. 

.: [AL,LM]^[AG,GH] 
=^ [CD, BE]. 

Also [LM. MB] ^ [GH, HK] 

^ [DE, EF], 
and so on. 

Hence AB is divided similarly to OF. 




[Prop, 13. 
[Prop. 13. 
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Art. 58. COROLLARY TO PROP. XIV. (Euc. VI. 11.) 

Enunciation 1. Gi.ven two straight lines, to find a third such that the scale of 
the first and second is the same as that of the second and third. 

Enunciation 2, To find a third proportional* to two given straight lines. 
Thi.? is the particular case of the above Proposition in which EF = CD. 

Art. 59. Def. 10. SIMILARLY DIVIDED STRAIGHT LINES. 

Two straight lines are said to be similarly divided, when the scale of 
any two parts of one straight line is the same as that of the two corre- 
sponding parts of the other straight line. 



Art. 60. PROPOSITION XV. (Euc. VI. 10.) 
Enunciation. To divide a straight line similarly to a, given divided straight 



It is required to divide the given straight line AB in the same way as the line 
CF is divided at I) and E. 

Through A draw any straight line AX (not in 1 — ! 

the same straight line as AB). and on it measure 
off AG^GD, GH^DE, HK = EF. 

Join BK, and draw GL, HM parallel to BK 
cutting AB in X, M respectively. 

Then since GL, HM, BK are parallel lines, the 
segments AG, AL correspond; so do GH, LM\ 
and HK, MB. 

.: [AL,LM]^[AG,GH] 
'^ [CD, BE]. 

Also [LM. iMB] ^ [GH, HK] 

^ [DE, EF], 
and so on. 

Hence AB is divided similarly to OF. 




[Prop, 13. 
[Prop. 13. 
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Art. 61. PROPOSITION XVI. (Euc. VI. 9.) 

Enunciation. From a given straight line to cut off any part required. 

Let AJi be a given straight lina 

From A draw any straight line AX (not in the same straight line a.s AB). 

\ti AX take any point 0, and set off consecutive 
lengths on AX each equal to AC, until some point 
H is reached, such that AH is the same multiple 
of AO &fi AB is of the part required to he cut off 
from it. 

Join BE. 

Draw CG parallel to BH cutting AB at G. 

Then lAH,AG^-iAB,AG]. [Prop. 13, 

Suppose that AH^n{AG). 

Then the scale of AH, AC will contain the fact shown by the following figure. 




But this is also the scale of AB, AG. 

Hence in the scale of AB, AG there is the figure 







1 


n 






AB 


AG 















K,. 47. 


ich 


expresses 


the fact 




AB-niACr) 


H 


Dnce AG i 


5 the 


i-eqi 


ircd 


part 


o! AB. 
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SECTION III. 



A CHAPTER ON RATIO. 



Art. 62. It ia necessary now to attempt to give an answer to the question, 
" What is ratio ? " in order that the reader may have some idea of the sense in 
which the term "ratio" is employed, but he is cautioned against regarding the 
definition about to be given as a matter of fundamental importance. It is only 
an endeavour to express in English the idea contained in the definition of ratio 
as stated in Euclid's Greek. It is not to be supposed that it will give the idea 
of ratio to anyone who does not already possess it, and no use will be made 
of the definition in the argument. 

Without attempting to define what magnitudes of the same kind are, (an 
attempt which would only confuse the beginner,) it will be asserted first that 
only magnitudes which are of the same kind can have a ratio to one another. 

It will be assumed next that the reader has an idea of relative magnitude. 

This is probably all the assistance that can be given in understanding the 
following definition of ratio. 

Bef. 11. RATIO. 
"The ratio of one magnitude to another (which must be of the same 
kind as the first) is the relative magnitude of the first compared with the 
second." 

Art, 63, The reader can however sec that the results of Props. 9, 11, and 12 
correspond with the ideas, so far as they have assumed a definite form, which he 
must have .already formed of ratio. 

To Prop. 9 corresponds the idea that the ratio of j1 to 5 is the same as that of 
2A to 25, of %A to SB, and so on. 

To Prop. 11 corresponds the idea that tlie ratio of aN to 6iV is the same as 
that of a to &, including as particular cases, the ratio of 2iV" to ZN is the same as 
that of 2 to 3, the ratio of hG to 9G is the same as that of 5 to 9, and so on. 

To Prop. 12 corresponds the idea that if A and B are different, then the ratio 
of ^ to C is different from that of B to G. 
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These results taken together suggest, but do not prove, the truth of the 
proposition that a relative multiple scale determines a ratio and therefore also 
the measure of the ratio. 

Art. 64, The proposition just mentioned depends on the Fundamental 
Proposition in the Theory of Relative Multiple Scales, which is as follows : — 

If A and B he any two magnitudes of the sa/me kind, and if D he any other 
magnitude; then there exists one and wily one magnitude G of the same kind as 
D, such that the scale of G, D is the same as the scale of A, B*. 

Assuming the truth of this proposition, let I) be taken as the unit of number 
and represented by unity, then there exists a magnitude p of the satne kind as the 
unit of number, such that the scale of p, 1 is the same as the scale of A, B \. 

Since the magnitude p is of the same kind as the unit of number, it may 
properly be called a real number. 

Since p is wholly determined by the scale of A, B it follows that any pair 
of magnitudes, which have the same scale as A, B, would also determine the same 
number p. 

Let therefore p be taken as the measure of the ratio of any pair of magnitudes 
having the same scale as A, B. 

This implies that p is taken as the measure of the ratio of p to 1, because the 
scale of ^, B is the same as the scale of p, 1. 

Art. 65. KOTATION" FOK RATIO. 

If two magnitudes of the same kind bo called A and B, then the ratio of 
A bo B is wiitten A : B. 

A is called the antecedent or first terra of the ratio, whilst B is called the 
consequent or second term of the ratio. 

In this book, the fact that one ratio A : B is equal to another ratio G : D will 
be expressed thus :— 

A:B = C:B, 
and not as it is written in moat modern editions of Euclid : — 

A:B :: G : D, 
which is read : the ratio of ^ to iJ is the same as the I'atio of G to D, or more 
briefly, .d is to S as to D. 

* Prop. 14 IB a partionlar case of ttie. 

+ In the case -whare A and B liavo a common measure the value of p has been actuall; determined, 
see Art. 50. 
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Art. 66. Def. 12. PROPORTION. 

If there are four magnitudes such that the ratio of the first magnitude 
to the second is the same as that of the third magnitude to the fourth, 
then the four magnitudes are said to be proportionals, or in proportion. 

If A, B, C, D are four magnitudes, such that 
A:B=C:I), 
then A, B, G, B are proportionals. 

A and B are called the extremes of the proportion. 

B and G are called the means of the proportion, 

B is called the fourth proportional to A, B and G. 

The antecedents A and G of the two equal ratios are said to be coivesponding* 
terms of the ratios ; so also are the consequents B and B. 

The case in which the means of the proportion are equal to one another 
requires special notice. 

If X:Y^Y:Z, 

then the three magnitudes X, Y, Z are said to be in proportion ; Y is said to 
be a mean proportional between X and Z, and Z is said to be a third propoitioiial 
to X and Y. 

Art. 67. BeJ. 13. EUCLID'S TEST FOR EQUAL RATIOS. 

Euclid states this. Test in the following manner: — 

The first of four magnitudes is said to have the same ratio to the 
second, as the third has to the fourth, when any equimultiples whatsoever 
of the iirst and third being taken, and any equimultiples whatsoever of 
the second and fourth being taken; if the multiple of the first be less than 
that of the second, the multiple of the third is also less than that of the 
fourth : and, if the multiple of the first be equal to that of the second, the 
multiple of the third is also equal to that of the fourth : and, if the multiple 
of the first be greater than that of the second, the multiple of the third is 
also greater than that of the fourth. 

The statement of the above Test in symbols has already been given in 
Art. 35. 

Art. 68. A particular ease of the conditions is often useful. 
Those conditions must hold for all integral values of )■ and s. 
Therefore they hold when r = s—\. 

* Euclid uses the term " homo logon a." 
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Hence if A : B -^ C : D, 

the conditions include the following : — 

(i) If ^ >B, then must C>D. 
(ii) If ^ = £, then must C = D. 
(iii) If A<B. then must 0<D. 
To (i) correspond the figures 



[68 



To (ii) correspond the figures 



To (iii) correspond the figures 



Art. 69. Dfif. 14. THE RATIO OP EQUALITY. 
When the two terms of a ratio are equal, it is called a ratio of equality. 

Art. 70. EXAMPLE 19. 
Apply Euclid's Test for Equal Ratios to show tliat all ratios of equality are 
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SECTION IV. 



THE SIMPLER PROPOSITIONS IN THE THEOBT OF RELATIVE MULTIPLE 
SCALES WITH GEOMETRICAL APPLICATIONS. SECOND SERIES. Noa. 17-24. 



Art. 71. PROPOSITION XVII. (Euc. VI. 1.) 

Enunciation 1. The areas of parallelograms (or triangles) having the same 
altitude are proportional to the lengths of their bases. 

Enunciation 2. The scale of the areas of two parallelograms {or triangles) 
which have the same altitude is the same as that of the lengths of their bases. 

Any two parallelograms which have the same altitude may be placed so aa to 
lie between the same parallels. 

Let ABGD, jBFQH, Fig. 51, be two parallelograms lyir 
between the same parallels. 

It is required to prove that 

\_AB, EF] =^ [ABGD, EFGH]. 



•. B EF 
Fig, 51. 

Take any integer r in the first column, and any integer s in the second column 
of the scale of AB, EF. 

Then there are three alternatives shown by the iigures 







. 


^ 






AB 


EF 



Fig. 53. 
which express the facts 
r(AB)>s(EF) 



Fig. 53. 
r(AB) = s {EF) 



r(AB)<s (EF). 
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Then in order that the scale of AB, J 
EF&H it is necessary to show that in thet 



i" may be the f 



[71 
; as that of ABCB, 



ABCD EFGH 







r 


s 






ABCD 


EFGH 





^ 






ABCD 


EFGH 



Fig. 55. Fig. 56. Fig. 57. 

which express the facts 

r (ABGD) > s (EFGH) r (ABGD) = s (EFGH) r (ABCB) < s (J'JFGH) 
On BA produced set off a length BK equal to r(BA), 
Then draw KL parallel to BG cutting GB produced at L. 
Then it is known by Art. 19 that BKLG = r(ABGJ)). 
On EF produced sot off a length EM equal to s (EF). 
Then draw MN parallel to EH cutting HG produced at N. 
Then it is known by Art. 19 that EM NH = 3 (EFGH). 

9 P 



E 



■ C H G 



AB EF 

Fig, GO, 



Hence in the several figui 



If 



BK>EM 






then* BKL > EMNE 

i.e. if r(AB)>s{EF) 

then r (ABCD) >s (EFGH) 

Le. the fact eKjiressed hy Fig. 55 

is a consequence of that is 

espressed by Fig. 52. ex 

Hence the scale of AB, EF 



BK=EM 
BKLC=EMNH 
i.o. if t{AB) = s{EF) 
then r{ABCD)^s(EPOE) 
.e. the fact expressed by Fig. 56 
is a consequence of that 



If 



BK<EM 



then BKLC<EMNH 
i.e. if r(AB)<s{EF) 
then r (ABCB) <s (EFGH) 
.e. ttefiw3t expressed h j Fig. 57 
ia a consequence of that 
^secl by Fig. 53. expressed by Fig. 54. 

the same as that of ABCB, EFGH. 



rhia follows iin 
n equal bases a 



lediately from the proposition that parallclogramB between the s 
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The proof of the proposition for triangles instead of parallelograms is effected 
in a similar manner, the equimultiples of the triangles and their bases being 
constructed as in Art. 20. 

Art. 72. EXAMPLES. 

20 Given two loctihneal areas, and a stiaight line find aiictljoi stiai^ht line 
inch that the 'scile of the ireaa is the same as that of the hn>-i 

21 Guen two straight lines, and a lectilmeal aiea find auothei n-LtilinPil iiei 
such thit the 'ii.alo of the Imoi is the same is that ot the aieas 

22 &i\cn three leetilmeal aieaa find a fouith 'inch that the scale of th<- hist 
and second aiea is the same as that of the thud and fourth 

23 Piove that thn scale of the areas of tw , tuaiia;le'i on equal ba'^LS is the sine 
as the scale of their iltit ides 

24, If ABG he a tnan^le, and O aii^ \ mt in its pHne ind it W ut iC it IJ 
prove that 

BD:DG=-l\AOB: ixAOG. 



Art. 73. PROPOSITION XVIII. (Euc. VI. 33.) 

Enunciation 1. In the same circle or in equal circles 

(i) angles at the centre are proportional to the arcs on which they stand. 

(ii) angles at the circumference arc proportional to the arcs on which they 
stand. 

(iii) angles at the centre are proportional to the sectors bounded by the sides 
of the angles and the arcs on which they stand. 

Enunciation '' / (/e wne ' ds ' ej fxl ' des 

( ) tie sc le of two igles t tie ce t e s tfe tl t f t on 

■wh cf tkej sk d 

( i) tie scale of t vo fies at tl fe e ce s t e sa e as t t the 

arcs on h ch they st d 

(u ) tl e scale of t o a gles t tie ce t e tl e sa e is tl t of t se tors 
bo nded bj the s des of tl e a qle d the a cs o wl cl thej sta S 

If the angles a e the ane c role the hgi e nay be 1 awn t e o e so 
th t t s uffic ent to o de tl e cise le e the e are tvo e] al circles 

() Let 4 -B F gs 67 — 7^ be the cent es of two e^ al c rcles 

Let GAD, EBF be two angles at the centres standing on the arcs CD, EF. 
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It is required to prove that 

[CAd, eSF] ^ [arc CD, arc JSF}. 

Take any integer )■ in the first column and any integer s in the second coli 
of the scale of Ci A ^«i^- 

Then there are three alternatives shown by the figures ;— 



[73 







r 


s 






CAD 


EBF 



Pig. 61. 
which express the facts 
r{OlD)>s(EBF) 



r(CAD) = f<(EBF) 



Then in order that the scale of CAD, EBF 
may be the same as the scale of arc CD, arc EF, 
it is necessary to show that in these several cases 



r 








arc CD 


aro EF 







r 


. 






arc CD 


aro EF 



Pig. 64. 
which express the facts 
r (arc CD) >s{3.yoEF) 



riM-cCB)^s(!xrcEF) 



CAD EBF 



r{GAD)<s{EBF). 











arc CD 


arcEF 



r(arcCi))<s(arel'f), 



Now make an angle CAG equal to r{CAD). 

Then it is known by Art. 21 that tho arc GG is equal to r (arc CD). 

Next make the angle EBII equal to s (E^F). 
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Then it is known by Art. 21 that the arc EH is equal to s (arc EF). 




Henco in the several iigi 

If CAa>E^ff 

then* arc CG>»T(sEir 
i.e. if r{clD)>s{EiF) 
then r{B.tcGD)>i{B.-coEF) 
i.e. the fact espresaed by Fig. 64 

is a consequence of that 

espressed bj Fig. 61. 






g2g = E^fl 
reC(? = arc.Bff 
i.e. if r{clD) = s{EBF) 
then r{amCD) = s(a.iaEF) 
i.e. the iact expressed by Fig. 65 
is a consequence of that 
by Fig. 62. 



If 



GAG<EBU 



■oCG< 



■cEH 



e. if riCAD)<a{EBF) 

len r{AvcCB)<i{s.YoEF) 

e. the fact expressed by Fig. 66 

is a consequence of that 

expressed by Fig. 63. 



Hence the scale of GAD, EBF is the same as that of arc GS, arc EF. 

(ii) An angle at the centre of a circle is double the angle at the circumference 
standing on the same arc. 

Hence the scale of two angles at the centre of the same or of equal circles is 
the same as that of the angles at the circumference on the same arcs. [Art. 42. 

Hence, by case (i), the scale of two angles at the circumference of the same or 
of equal circles is the same as that of the arcs on which they stand. [Prop. 10. 

(iii) The proof of this is derivable from that of (i) by replacing therein each 
arc by the corresponding sector. 



* Tliis follows 
stand on equal ar 



mmediately from tte proposition that in equal circles equiil aiiglea 
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Art. 74. Def. 15. RECIPROCAL SCALES. 
The scale of Jl, A is called the reciprocal of the scale of A, B. 

Art. 75. EXAMPLE 25. 
If two reciprocal scales are the same, prove that each must be the identical scale. 

Art. 76. Def. 16. RECIPROCAL RATIOS, 
The ratios A : B and B -. A are called reciprocal ratios. 

Art. 77. EXAMPLE 26. 
If two reciprocal ratios are equal, prove that each of them ia a ratio of equality. 



Art. 78. PROPOSITION XIX. (Corollary to Euc. V. 4.)* 

If two ratios are equal their reciprocal ratios are equal, 

B:A=D:G. 

•aXe of A, B is the same as that of C, D, 
'-ale of B, A is the same as that of D, 0, 
[A,E]=^lC,D]. 
IB.A] = [D,CI 
i bo formed. 
Let the 1st and 2nd columns be interchanged. 
Then the result will be the scale of B, A. 

For it is the scale which would have been formed, if after the multiples of 
A and those of B had been arranged in a vertical line in a single series in 
ascending oixler of magnitude, the multiples of A had been moved to the right 
instead of the left as in Art. 30. 

Since the original scale was also the scale of C, D, it follows that after the 
interchange of the 1st and 2nd columns the new scale is that of D, G. 
Hence the new scale is the scale of B, A and also that of D, G. 
.: [B,A]'^[II,Cl 

* Simson numbers ibis proposicion Euc. v. b. 



Enunciation I, 


If two 


i.e. if 

fco prove that 




Enunciation 2. 


If the 




tfien the 


i.. ./ 




tlim 




Let the scale of A, B b< 



y Google 



EUCLID, BOOKS V. AND VI. 



Art. 79. PROPOSITION XX. (i). (Euc. V. 7, 1st Part.) 

Enunciation 1. Equal magnitudes have the same ratio to the same 
magnitude, 

i.e. if A, B, G be three magnitudes of the same kind, and if A he equal to B, 
then A-.O^B-.a 

Enunciation 2. If A, B, be three magnitudes of the same kind, and if 
A be equal to B, then the scale of A, C is the same as that of B, 0, 
ie. [A,C]^[B,Cl 
Since A ~ B, 

rA = rB, 
.-. if rA>sC, then rB>sO; 
it rA^sC, then rB = sC\ 
if rA < sC, then rB < sC. 
.-. iA.O]^[B.C'l 



Art. 80. PROPOSITION XX. (ii). (Euc. V. 7, 2nd Part.) 

En'UNCiatjon 1. The same magnitude has the same ratio to equal mag- 
nitudes, 

i.e. it' A, B, (7 be three magnitudes of the same kind, and if A be equal to B, 
then G:A = C:B. 

Enunciation 2. If A, B, C be three magnitudes of the same kind, and if A 
be equal to B, then the scale of G, A is the same as that of G, B, 
ie. [C\A] = [G,Bl 
It was proved that it A = B, 
then [A, C] ^ [B. G]. [Prop. 20 (i). 

.■. [G, A]=[G.B]. [Prop, 19. 
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Art. 81. PROPOSITION XXI. (Euc. V. 9.) 

Enunoiation 1, If A : G = B : C, 

or if G:A = 0:B, 

to prove that A ~ B. 

Enunciation 2. // the scale of A, C is the same as that of B, G ; 
or if the scale of G, A is the same as that of G, B ; 
then must A — B. 

If [G, A] = [C, B], 

then [A,G]^[B,C]. [Prop. 19. 

Now either A is equal to B or not. 

li A is not equal to B, 
then [A, C] is not the same as [B, C]. [Prop. 12. 

This is cODtravy to the hypothesis. 

Hence A must be equal to B. 

Art. 82. EXAMPLE 27. 
(i) If [rA, B] = [sA, C], prove that sB = rO. 
(ii) If [A, rC] = [B, 8(7], prove that sA = rB. 



Art. 83. PROPOSITION XXII.* (Euo. V. 16.) 

Enunciation 1. If A, B, G, D be four magnitudes of the same kind, and 
if A:B = C:D, to prove that A:G^B:D. 

Enunciation 2. If A, B, C, D he four magnitudes of the same kind, 
and if the scale of A, B be the same as that of G, D; 
to prove that the scale of A, G is the same as that of B, D. 
i.o. if [A,B]^[G,Dl 

then [A,G]^[B,D]. 

In pi'oving this proposition it is convenient to use the second form of the 
conditions for the sameness of two scales in Prop. 8. 
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45 



Take any integer r in the first column, and any integer s in the second column, 
of the scales which are to he proved the samie. 
It is necessary to show that 

rA > sC, then rB > sD 
rA < sC, then rB < sD 
rB > sD, then rA > sG 
rB < sD, then rA < sG. 
rA > sG, 
integers n and ( exist such that 
nrA >tB> nsC. 
Since nrA > tB, 

the scale of A, B shows the fact exhibited in Fig. 78. 



(1) 


If 


(2) 


If 


(3) 


If 


(4) 


If 


If 




then by Prop. 



(I) 
(11) 



Tig. 73. Fig. 74. 

But [A,B] = [C,D]. 

Hence the scale of G, D shows the fact exhibited in Fig. 74. 

.-. nrG > tR 
Now it has been shown that 

tB > nsG. 

From (I) snrC > stD. 

From (II) rtB > rnsG, 

but snrG = s-mC, 

.-. rtB > StD, 

rB > sS*. 

' This result is an algebraic eoDaeiiucnoe of (I) and (II), It is obtaineil by traiiBtorming tho 
two iiiequalitiija s,o that the multiple of C (which ia tlie magnitacie appearing in toth) becomes the 
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Heoce if rA > sC, then rB > iB. (Ill) 

In like* manner if rA < sC, llieii rB<sl}; (IV) 

if rB>sD, tlien rA>iC; (V) 

if rB < sD, then rA < sC. (VI) 
From (III), (IV), (V), (VI) it follows by Prop. 8 (ii) thut 
IA,0]^[B.I)1 



Art. 84. COROLLARY. (Eiic. V. 14.) 

1/ A, B, C, D are all magnitudea of the mme kind, and if 
A-.B-C-.B, 
then A-C, according as B=D, and conversely. 
Since IA.B]=^ [C, D], 

.-. IA,C]=^[BDI 
Suppose that B > D, 

then the scale of B, B shows the entry in Fig. 75, 



[Prop. 22. 



A O 



I'ig. 75. Fig. 76, 

But [A, C] = [B, n]. 

Hence the scale of A, shows the entry in Fig. 76. 

,-. A>a 

In a similar way, if £ = i>, it follows that A = 0, and if B <D, then A<G. 
The converse theorem may be proved in the same way or deduced from the 



* Making the corresponding changes in the figures, the pioof of (IV) is obtained from that of (III) 
hy reversing all the signs of inequality; that of (V) is obtained from that of (III) by interchanging 
A with B, C with Z> ; that of (VI) is obtained from that of (V) by reversing all the signs of inequality. 
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Art. 85. EXAMPLES. 

28. If A:B=^G:D, 
if E:C = F:A, 
if E:D^F:G, 

and if the magnitudes A, B, G, D, E, F, G are all of the same kind, prove that B^G. 

[The proposition is also true if A, B, F, G are of the same kind, and if C, D, E 
are of the same kind, as may be proved by using Prop. 35 below.] 

29. If A J B, C, D are four points on a straight line such that B divides AC 
internally in the same ratio as D divides it externally ; prove that G divides BD 
internally in the same ratio as A divides it externally. 

Art. 86. Def. 17. HARMONIC POINTS. 

Four points A, B, G, D oa. a straight line are said to be four harmonic 
points if B and D divide AC i'o. the same ratio, one internally and the 
other externally. 

Then A and C are called conjugate points; as are also B and D. 



Art. 87. PROPOSITION XXIII. (Euc. VI. 2, 2nd Part.) 

Enunciation 1. If two aides of a triangle are divided proportionally so 
that the segments terminating at the vertex common to the two sides correspond 
to each other, then the straight line joining the points of division is parallel 
to the other side. 

Enunciation 2. If two sides of a triangle are divided so that the scale of 
the segments of one side is the same as the scale of the segments of the other 
side, the segments terminating at the vertex common to the two sides being both 
the first {or both the second) terms of the scales, then the straight line joining 
the points of division is parallel to the other side. 

Let the points D and E divide the sides AB, 
AG of the triangle ABC, so that 

[AI),I>B]^[AE,ECl 
then will BE be parallel to BG. 

If BE be not parallel to BO, draw BE parallel 
to BE cutting AG at F. 

Then [AB, BB] = [AE, EF], [Prop. ] 3. 

.■. IAE,EC'\^\_AE,EF], [Prop. 10. 

.-. EO=EF, [Prop. 21. 




which is impossible. 

Hence DE is parallel to BG. 



Fig. 77. 
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Art. 88. EXAMPLE 30. 



If ABCD be a plane quadrilateral, and if B, F, G, H be points on AB, BO, 
CD, DA respectively such that 

AE : AB^GF:OB--^GG ■.GD = AH : AD, 
prove that EFGII is a parallel ogram. 



Art. 89. PROPOSITION XXIV.* 

Enunciation 1. (1) A given segment of a straight line can be divided 
internally into segments having the ratio of one given line to another in one 
way only. 

(2) A given segment of a straight line can be divided externally into 
segments having the ratio of one given line to any other not equal to it in 
one way only. 

Enunciation 2. (1) A given segment of a straight line can he divided 
internally into segments whose scale is the same as that of two givffn straight 
lines in one way only. 

(2) A given segment of a straight line can be divided externally into segments 
whose scale is the same as that of two given unequal straight lines in one 
way only. 

(1) Let AB be the straight line to be divided internally at some point 0, 
so that 

[AG,GB]=^[K,Ll 
where K, L are two given segments of straight lines. 




Through A, one of the extremities of AB, draw any straight line AX, and 
measure off AD equal to K, and DE equal to L in the same direction as AD. 
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Join BE, and through D draw DG parallel to EB, cutting AB at 0. Then 
C will divide AB, so that [AG, CB']^[K, L]. 

Since AB, AX ai-e cut by the parallel lines G'D, BE; the segments AG, CB 
correspond respectively to AD, BE. 

, .■.[_AG,GB]^[AJ}.DE] [Prop. 13, 

- [K, LI 
Hence G is one point which satisfies the required condition. 
If possible let F be some other point which also satisfies the required 
condition. 

Join FD, and draw BG parallel to FD cutting AE at G. 
Then the segments AF, FB correspond to AB, BG respectively. 

.■. [AF,FB]=iAI),DG], [Prop. 13. 

but by hypothesis [AF, FB] =^ [K, L]. 

.-. [AD,DG]=^[K,L] [Prop. 10. 

^ [AD. DE\ 
.-. DG = DE [Prop. 21. 

which is impossible. 

Hence G is the only point which satisfies the required condition. 
It is important to notice that if K<L, then AC<GB, and G is nearer to 
A than to B. 

If K^L, then AG=CB, and C is the middle point of AB. 
If K>L, then AG>GB, and G is further from A than from B. 
These three cases correspond to different figures in the second part of the 
proposition. 

(2) In this case the figures differ from that of the first case in having 
the length DE (equal to L) measured in the opposite direction to AD; and 
this is the only difference in the constructions for the cases K<L, K>L. 
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If K<L, then E must ikll on DA produced through A as in Fig. 79, and 
C is nearer to A than to B. 

If K>L, then A' must fall between D and A, as in Fig. 80, and G is further 
from A than from B. 




The proofs for the cases ^<i and K>L are the same as in Case (1). They 
need not therefore be repeated. 



Art. 90. NOTE ON CASE (2) OF THE PBECBDING ARTICLE. 

li K = L, E coincides with A. 
Hence BE coincides with BA. 
Hence the parallel throngh D to BE is parallel to BA. 



Hence in this case from Euclid's point of view the construction fails, and there 
3 no point corresponding to G. See Note 7. 
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SECTION V. 

SIMILAE FIGURES. 
PEOPOSITIONS 25—32. 

Art, 91. Def. 18. 

Similar rectilineal figures are those which satisfV the following two sets 
of conditions. 

(1) The angles of one of the figures taken in order must be respectively 
equal to the angles of the other figure taken in order. 

(2) Those sides in the two figures which join the vertices of equal 
angles being defined aa corresponding sides, the ratio of any pair of 
corresponding sides must be equal to the ratio of every other pair of 
corresponding sides. 

Let A^B,GjD,£J,, A^B^C^D^E^ be two similar figures, then the two sets of 
conditions are as follows : — 




(1) 



Ai Bi 




JJig 


. 82, 


A-- 


= ^2, 


A- 


= B„ 


a. 


= 6„ 


A- 


= 4, 


A- 


= A. 
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(As there is in this figure only one angle at each vertex it is sufficient to 
indicate each angle by the letter standing at its vertex.) 

It is often convenient to indicate the equality of two angles in two similar 
rectilineal figures by marking the equal angles with the same number, e.g. in the 
above figures the equal angles at ^i, A^ are both marked 1. 

(2) Since i, = i., 

and A = A, 

.'. the side AjB, corresponds to the side A^B^. 

In like manner 5,(7, corresponds to BsC^, and so on. 
.-. A,Bi : A,B, = B,C, : B,C, = GJJ, : 0,1)^ = D,E, : D^L\ = E\A, : E^A^. 

Art. 92. Def. 19. 

The ratio of a side of the first figure to the corresponding side of 
the second figure is called the ratio of similitude of the first figure to the 
second. 

Art. 93. Note. It is obvious that two congruent figures are similar to one 
another. For such figures the ratio of similitude is the ratio of equality. 

Art. 94. Similar figures are said to be sitnilarly described on two straight 
lines, when these two straight lines are corresponding sides of the figures, e.g. : — 

The figures A^B,C,I>iE^, A^B^C^D^E^ are similarly described on A,B„ A^B^; 
or on B,Oj, B^G^\ and so on. 

(In general language two similar figures are similarly described on two straight 
lines to which they have the same relation.) 

Art. 95. EXAMPLE 31. 

If £ be the middle point of AC, and BX, CY be drawn perpendicular to AG, and 
if A be joined to any point P on BX, and if on AP on the side remote from B a 
triangle APQ be described similar to ABP so that the sides AP, PQ of APQ may 
correspond to the sides AB, BP of ABP, prove that Q is equidistant from A and from 
the straight line CY. 
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Art. 96. PEOPOSITION XXV. <Eiio. VI. 21.) 

Enunciation. Rectilineal figures which are similar to tlie same rectilineal 
figure are si^nilar to mie another. 

Let the figure ABGD be similar to jliBiCiA. and also to A^B^C^D^, it is 
required to prove that AiBiC^Bi and A^B^G^D^ are similar to each other. 




Since ABCD is similar to A,B,C,D, 

.: 1=1,. B-i„ d=C„ i> = 6, (1) 

AB : A,B, = BC : Bfi, = CD : C^D, = DA : D,A, (2). 

Since ABCD is similar to A^B^G^D^ 

.■. 1 = 1,. S = B,. C-d„ b-D, (3) 

AB : A,B, = BO : B.J:;,- CD : aA- DA : B,A, {*)■ 

From (1) and (3) it follows that 

i,.l„ A = ii>, ft = d, A = D, (.1). 

From (2) AB ; A A- BO : B,G„ 

.-. AB:BC = A,B, : B,0,. [Prop. 22. 

Similarly from (4) AB:BG = A,B, : B,0, 

.-. A,B,:Bfi,-A,B,:B,G, [Prop. 10. 

.-. A,B,:A,B,-B,G,:BA. [Prop 22. 

In like manner it can be shown that 

B,C, : BA = C,D,: C,A - D,A, ■■ D,A,. 

.: A,B,:A,B, = B,0,:B,0,= 0,D,:C,D, = D,A,:D,A, (6). 

Now (5) and (6) are the two sets of conditions which must he satisfied in 
order that AiBtG,Dt and A^BADs may be similar (see Art. 91). 
Hence A,B,0,D, and ^^BAA are simihir. 
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Art. 97. ON SIMILAR TRIANGLES. 

The diEFerent cases, in whicli two triangles are similar, correspond to some 
extent to the cases in which two triangles are congruent. 

For this reason the cases in which two triangles are congruent will first he 
enumerated. 

Art. 98. Two triangles are congruent if 

(I) The three sides of one triangle are respectively equal to the three sides 
of the other triangle. 

(2(i)* Two sides and the included angle of one triangle are respectively 
equal to two sides and the included angle of the other triangle. 

{3ffl)f Two angles and the adjacent side of one triangle are respectively 
equal to two angles and the adjacent side in the other triangle. 

(3 6)f One side, the opposite angle, and one other angle of one triangle are 
respectively equal to one side, the opposite angle, and one other angle in the 
other triangle. 

Besides the above cases there should be noted the following, in which three 
elements (sides or angles) of one triangle are respectively equal to the three 
corresponding elements of the other triangle, viz. those in which 

(2 b}* One angle, the opposite side, and one other side of one triangle are 
respectively equal to one angle, the opposite side and one other side of the 
other triangle. 

In this case the angles opposite the other pair of equal sides are either equal 
or supplementary, and in the former alternative the triangles are congruent. 

(This case is usually known as the Ambiguous Case.) 

(4) Three angles of one triangle are respectively equal to three angles of 
the other ti"iangle. 

This last case is only mentioned in order to complete all the possible cases 
in which three elements of one triangle are respectively equal to the three 
corresponding elements of another triangle. In it the triangles are not generally 
congruent, but are always similar (see Prop. 26). 

Art. 99. To case (1) above corresponds in the case of similar triangles the 
proposition that if the sides of one triangle taken in order are proportional to 
the sides of another triangle taken in order, then the triangles are similar. 

* The numbeca attached to the oaBes (2 o) and {2b) both contain the same number 2 becaufie 
in each there ace two sides and one angle given equal. 

+ The numbers Bittacheil to the canes (3aJ and {3b) hoth contain the. same number S because 
in each there are two angles and one side given equal. 
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To case (2 a) corresponds the proposition that if two aides of a triangle are 
proportional to two sides of another triangle, and the included angles are equal, 
then the triangles are similar. 

To case (2 b) coiiesponds the proposition that if two triangles have one angle 
of the one equal to one angle of the other, and the sides about one other angle 
proportional in such a mannei that the sides opposite the equal angles coiTespond, 
then the triangles have their lemaining angles either equal or supplementary, 
and in the fonner case the tiiangles are similar. 

To cases (3 a), (3 b) and (4), in all of which the three angles of the one 
triangle are respectively equal to the three angles of the other triangle, corre- 
sponds the single proposition that if the angles of one triangle are respectively 
equal to the angles of another triangle, then the triangles are similar. 

Hence there are four cases of similar triangles to be dealt with. 

It should he noticed that the first and last amount to the proposition that, in 
the case of triangles, if either of the two sets of conditions for the similarity of 
rectilineal figures be satisfied, then the other set must also be satisfied. 

So that the two sets of conditions for the similarity of rectilineal figures 
are not independent when the rectilineal figures are triangles. 

Art. 100. In dealing with similar triangles the reader will find it useful 
to draw the similar triangles separately if 
they happen to overlap, and to mark equal 
angles with the same numbers, as in the 




Then those sides which join the equal 
angles have the same numbers at their ex- 
tremities, and it is therefore at once evident 
that they are corresponding sides. 

If in the triangles ABC, DEF. 1=1), B = E, and (7 = #, let A and D be 
marked 1, let B and E he marked 2, and let C and F be marked 3. 

Write down all the possible pairs of the numbers 1, 2, 3, viz. :^23, 31, 12. 

Now 2 and 3 are at the extremities of BG in ono triangle, and at the 
extremities of EF in the other. 

Hence BG, EF are corresponding sides. 

In like manner the positions of the numbers 3 and 1 indicate that GA, DF 
are corresponding sides, and the positions of the numbers 1 and 2 indicate that 
AB and BE are corresponding sides. 

.■. BG:EF^GA:FB = AB:DE. 
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Art. 101. PBOPOSITION XXVI. (Euo. VI. 4.) 

Enunciation. If tliB three angles of one triangle are respectively equal to 
the three angles of another triangle, then the triangles are similar. 
Those sides correspond which join the vertices of equal angles. 
In the triangles ABC. DEF, let 
A=!>, 
B = E, 

d=F. 

To prove that the triangles are similar*. 

From A on AB measure off a length AG equal to B K c E 
DE, and then draw Gil parallel to BC cutting AG Fig. eg. 

at H. 

It will first he shown that the triangles AGH, DEF are congruent. 

Since GH is parallel to BC, 

aGh = A&C ~ HiSF. 

Also gah.bac=e6f, 

and AG^DE. 

Hence the triangles AGE, DEF are congruent. 
.■. AH-DF, 
GH = EF. 
Since GH is parallel to BG, 

.-. BAiOA^GA: HA. [Prop. 13. 

.-. BA -.DE-CA -.DF. 
Now draw HK parallel to AB. 

Then CA.HA-OB: KB. [Prop. 13. 

Now BGEK is a parallelogram, 

.-. BE^GH = EF 
and HA = DF. 

.-. CA -.BF^CB-.EF. 

* Observe tliat iC tho triangles are similar, the vertei A of the triangle ABC corresponds to 
the vertex D of the triangle DEF; 

and the side AB of the triangle ABC corresponds to the side DE of the triangle DEF. 
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Hence BA:DB=CA: DF= CB : EF, [Prop. 10. 

which, taking the letters in order, may be more conveuiently written 
AB:DE^BC: EF= GA : FT). 

Now AB, BE join the vertices of equal angles, and arc therefore corre- 
sponding sides. 

In like manner BG corresponds to EF, and GA to FB. 

Bnt also 1 = ^; B = E\ G = ^. 

Hence the two sets of" conditions for the similarity of the triangles ABC, DEF 



Hence the triangles are similar. 



Art. 102. NOTE. 



It may be noticed that corresponding sides of the triangles are opposite to 
equal angles; e.g. AB corresponds to BE, and they are opposite to the equal 
angles G and F respectively. 



Art, 103. COROLLARY TO PROP. 26. 

If a triangle he cut hy a straight line parallel to one of the sides, the 
triangular portion cut off is similar to the whole triangle. 

For with the figure of Prop. 26, GH may be regarded as any straight line 
parallel to BG, the triangles AQH, ABC are equiangular, and therefore similar 
hy Prop. 26. 

Art. 104. EXAMPLES. 

32, Show liow to draw a straight line across two of the aides of a triangle, but 
not parallel to the third side, which will cut off a triangle similar to the original 
triangle. 

When wiU it be impossible to do this? 

33. If ABG be a triangle inscribed in a circle, and CD a diameter of the circle, 
and AM a perpendicular from A on the side BC, show that the triangles ASB, 
ACD are similar. 
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Art. 105. PROPOSITION XXVII.* (Euc. VI. 5.) 

Enunciation. If the sides taken in order of one triangle are proportional 
to the sides taken in order of another triangle, prove that the triangles are 
similar, and that those angles are equal which are opposite 
sides. 

In the triangles ABC, DEF let it be given that 

AB:DE = BC:EF==CA : FD, 
to prove that the triangle.'? ABO, DEF are similar. 




rig. 86. 

From A the vertex of the triangle ABC which corresponds to D, measure off 
on AB, the side corresponding to DE, a length AG equal to BE. 
Draw GH parallel to BG. cutting AC a,t H. 

It will first be shown that the triangles AGS and DEF are congruent. 
The triangles AGS and ABG have the angles of the one respectively equal 
to the angles of the other. 

Therefore by Prop. 26 they are similar. 

.-. AB:AO = BC:GH^GA:HA. (11) 

Now DE^AG, 

.-. AB:DE=AB: AG. [Prop. 20 (ii). 

Hence each of the three ratios marked (I) is equal to each of the three 
ratios marked (II). 

.-. BC:EF = BC: GH, 

.: EF^GII. [Prop. 21. 
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Also 






CA:FD- CA 
.: FD-HA 


■.HA, 


Hence 


in the 


triangles DEF, AGE, 










DE-AB, 










EF=BH, 




.-. they ai 


re congioient. 


FI>~HA 
.-. Et>F=BAH = 


bIo, 








BEF-AOH- 


ABO, 








EFD -AUG- 


BdA. 


Hence 


in the 


triangles ABG, DEF 










AB : BE - BC : EF -- 


= OA : FD, 








A-h. B.E, 


e=#. 



[Prop. 21. 



Hence the triangles are similar. 

The equal angles BAC, EDF are opposite the corresponding; sides BG, EF. 
The equal angles ABC, DEF are opposite the corresponding sides GA, FD. 
The equal angles BGA, EFD are opposite the corresponding sides AB, BE. 

Art. 106. NOTE ON PROPOSITION 27. 

The proviso that the sides of the triangles are proportional when taken in 
order is very important. 

It is quite possible for the sides of one triangle to he proportional to the 
sides of another without the triangles being similar. 

Suppose that in the triangles ABG, DEF, 

BG:CA^ EF : DE, 
and BG:AB = FD: DE. 

then it may be proved {see Proposition 56 below) that 
GA -.AB^FD-.FE. 

But the triangles are not similar. 

In the first proportion BG corresponds to EF. 

In the second proportion BG corresponds to FD. 

Hence the sides of the two triangles cannot he made to correspond. 
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Art. 107. PROPOSITION XXVIII. (Euc. VI. 6.) 

Enunciation. If two sides of one triangle be proportional to two sides of 
another triangle, and if the included angles be equal, then the triangles are 
similar; and those angles are equal which are opposite to corresponding sides. 

In the triangles ABC, DEF let it be given that 
BA -.AG^ED-.DF, 
and b1c = EDF, 

it is required to prove that the tiiangles are similar; and that the angles BGA, 
EFD opposite the corresponding sides BA, ED are equal ; and that the angles 
ABC, DEF opposite the coiTCSponding sides AG, DF are equal. 




Fig. 87. 



From A, the vertex of the triangle ABC which corresponds to D, measure 
off on AB, the side corresponding to DE, a length AG equal to DE. 
Draw GH parallel to BG cutting AG at H. 

It will first be proved that the triangles AGS, DEF are congruent. 
Since GH is parallel to BC, 

.-. BA-.GA^GA: HA, [Prop. 1.3. 

.-. BA:CA = GA:HA; [Prop. 22. 

hut it is given that BA : CA = ED : DF, 

.-. ED : DF= GA : HA. [Prop. 10. 

But ED = GA by construction, 

.-. DF=HA. [Prop. 21. 
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Now in the triangles DEF, AGH, 

DE^AG, 

DF=AH, 

Et)F = bXg = OAH. 

Hence the triangles DEF, AOH are congruent. 

.-. D^F=AdH=A§G. 

and DFE = AHG^AdB. 

Hence the angles of the triangle DEF arc respectively equal to the angles 
of the triangle ABC 

Hence by Prop. 26 the triangles DEF, ABG are similar, and those angles 
are equal which are opposite to corresponding sides. 

Art. 108. EXAMPLES. 

34. Two parallel straight lines are cut hy any number of straight lines passing 
through a fixed point. 

Prove that the intercepts made on the parallel hnes by any two of the straight 
linea through the fixed point have a constant ratio. 

35. If the tangents at A and 5 to a circle meet at C, and if P be any point 
on the circle, and if PQ, PR, PS be drawn perpendicular to AC, CB, BA respectively, 
then prove that the triangles PAS, PBR are similar; and that the triangles PBS, PAQ 
are similar ; and that PS is a mean proportional between PQ and PR, 

36.* If G be the centre of a circle, F any point outside it, if FA, FB be tangents 
to the circle at A and B respectively, if FP be any straight line through F cutting 
the circle at P ; and if through P a straight line be drawn perpendicular to FP 
cutting GA at Q and CB at R ; then prove that the triangles CFQ, CRF are similar ; 
and that CF is a mean proportional between CQ and CR. 

37. Let be the centre of a circle, and C a fixed point in its plane. Let GO 
cut the circle at A and B, Let P he any point on the circle, and through P let 
a straight line be drawn perpendicular to GP, cutting the tangents at A and B 
at Q and R respectively, then prove that 

(1) the triangles ACQ, BCR are similar. 

(2) AQ : AG = BG : BR. 

(3) the angle QQE is a right angle. 
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Art. 109. PROPOSITION XXIX. (Euc. VI. 7.) 

Enunciation. If two triangles have one angle of the one equal to one angle 
of the other, and the sides ahotii one other angle in each proportional in such a 
manner that the sides opposite to the equal- angles correspond, then the triangles 
have their remaining angles either equal or supplementary, and in the former 
case the triangles are similar. 

In the triangles ABO, DEF it is given that 
ABC ^ DBF, 
and BA : AG ^ ED : DF, 

to prove that either 

(1) AGB^DFE, 

and the triangles ABC, DEF are similar; 
or (2) ACB + DpE = 'i-^Q right angles* 




On AB, the side corresponding to DE, tako 
and draw QH parallel to BG cutting AG at H. 

The triangles AOH, DEF will first be compared. 

Since GH is parallel to BG, 

.-. BA -.QA^GA :HA, 
.-. BA ; GA = GA:HA. 

But BA:GA = ED: DF, 

.'. ED:DF^GA:HA. 



igth AG equal to DE, 



[Prop. 13. 
[Prop. 22. 



[Prop. 10. 



' Notice that the siilea (Lbout the angles BAG, EDF i 
the sides AC, DF opposite the equal angles AUG, DEF ci 

Notice further that in each tris^ngle two angles liave 
triangle ABO and DEF, E&F in the triangle DEF, i 
ACB, DFE. 



i proportional in suoh a 



een referred to, via. ABC, BAG in 
id therefore tlie remaining angles 
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But AG -DE, 

.-. or- HA. [Prop. 21. 

Now in the triangles DEF, AGH, 

DE=AG, 
DF-AH, 
n&F - ABC - AOH, 
where it is to bo noticed that the equal angles are opposite to equal sides. 

Now there are necessarily two alternatives, 
either (1) GAH-EDF, 

or ^2) GAH is not equal to EDF. 

(1) If aAB = Et>F, 
then bIC-EDF, 
and since AAO-DSf, 

.-. BCA-EFD, 
and in this case the triangles ABC, DEF are similar. [Prop. 26. 

(2) If gIh be not equal to EDF, draw DK, making EDK equal BAG, 
and cutting EF at K. 

Then in the triangles AGH, EDK, 

agh-abc-dMe, 

BAH - EDK, 

AG -DE. 

Hence the triangles AGH, DEK are congruent. 
.-. AH-DK, 
AHO = DKE. 
But AH-DF, 

.-. DF-DK, 
.■. D&F-DFK. 
Therefore ACB + DpE = AHG + DFE 

-DkE + DFE 
- BFK + dPe 
= two right angles. 
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Art. 110. NOTE. 

Euclid's method of stating Proposition 29 amounts to tlie insertion of 
additional conditions in the statement here given, the effect of which is to 
exclude the second alternative in those cases in which the two alternatives 
are really distinct. 

It is as follows: — 

If two triangles have one angle of the one equal to one angle of the other, 
and the sides about two other angles proportionals ; then if each of the remaining 
angles be either less or greater than a right angle, or if one of them be a right 
angle, the triangles are similar and have those angles equal about which the aides 
are proportionals. 

Hence the additional conditions are that AGB and BFE are both less than 
a right angle, or both greater than a right angle, or one of them is a right 
angle. 

If they are both less than a right angle, their sum is less than two right 
angles. 

If they are both greater than a right angle, their sum is greater than two 
right angles. 

In neither of these cases can the second alternative hold. 

Hence the first alternative must hold, and the triangles are similar; the angles 
between the proportional sides being equal. 

If next one of the two angles ACB, DFE is a right angle, then, whichever 
alternative hold, the other angle is a right angle, honce the remaining angles 
are equal, and the triangles are similar. 

This is the case in which the two alternatives are not really distinct. 



Art. 111. EXAMPLE 38. 

If B and C are the centres of two circles, and A the point of intersection of their 
internal or of their external common tangents, and if APQ be any straight line through 
A cutting the first circle at P and the second at Q, prove that the angles APB, AQG 
are either equal or supplementary. 
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Art. 112. PROPOSITION XXX. (Euc. VI. 18.) 

ENUNCIATION. On a given straight line to describe a rectilineal figure similar 
and similarly situated to a given rectilineal figure. 

Let ^,£iC7iA-E'i be the given rectilineal figure; it is required to describe 
a similar figure on the given straight Une A^B^, so that A^Bi and A-iB^ may be 
corresponding sides of the figures. 





Join A^C\, ^lA- 

At Sb draw a straight line making with A^B^ an angle equal to J.,5iCi, 
and at ^3 draw a straight line making with A^B^ an angle equal to B,A/J^. 
Let these straight lines meet at C^. 

At Ca draw a straight line making with A^^G^ an angle equal to jljCji),, 
and at A^ draw a straight line making with A/^^ an angle equal to GiJ^lji)], 
Let these straight lines meet at D^. 

At Z>j draw a straight line making with D^A^ an angle equal to AjBiE^, 
and at A^ draw a straight line making with A^D, an angle equal to D^AiEj. 
Let these straight lines meet at B^. 

It will be proved that AjBiCiD^^Ei and A^B^G^D^E^ are similar figui-os, and 
that A^iBi and A^B^ are corresponding sides. 

In the three pairs of triangles in Figure 89, viz. : — A^Bfi^ and A^B^O^, A,GiJ), 
and A^G^D^, AjD,E, and AJ)J!^, let the equal angles be marked with the same 
numbers. Then in each pair of triangles two angles of the one triangle are 
respectively equal to two a.nglos in the other triangle. Therefore the remaining 
angles are equal. Let these he marked with the same number. 
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Then it is at once apparent that the angles at Ai, Bi, (7,, Di, E^ of the figure 
A^B-iCiD^E-i are respectively equal to the angles at A^, B.^, C^, D^, E^ of the figure 
A^BsG^D^Es', so that the first set of conditions (see Art. 91) for the similarity of 
the two figures is satisfied. 

Next the triangles A-^B^C^ and A^B,^G^ are equiangular and therefore by 
Prop. 26 ai'e similar. 

In Uke manner the triangles Afi^D, and A/J-^D^ are similar ; and the triangles 
AjDiE^ and A^D^E^ are similar. 



From these pairs of similar triangles follow the relations 



G,A, 

Hence by Prop. 10 
A,B, : AA = B,0, 



B,C, = G,A, : G,A,==A,B, : AA . 
G^A,^A,B,:A,D,= Dfi,:DJJ, . 
A,B^ ^D,E,: B^E, = E^A, : E,A^ . 



■ ax 

■(2), 



B,G, - G,D, : C^B., = D,E, : B.,E^ = E,A, : E,A,. 



Hence the second set of conditions (see Art. 91) for the similarity of the two 
figures is also satisfied. 

Hence the two figures A-iB,G,BiE, and AiB^G^B^E^ are similar figures, and 
AjBj and A^B^ are corresponding sides. Therefore the figures are similarly 
described on AiB^ and A^Bi (see Art, 94). 



Art. 113. PROPOSITION XXXI. (Included in Euc. VI. 20.) 

Enunciation. Two similar rectilineal figwes may be divided into the same 
number of triangles such that every triangle in either figure is similar to one 
triangle in the other figure. 
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Let jl,£i(7ii)i, A^B/J^D^ be two similar figures, aach that 

aJa = a,Xg„ 
bAd^ = bAd^. 

and A,B, : AA = B,0, : B^G^ = 0,A : C^-O. = A^i : A^=. 

Let 0, be any point in the plane oi AjB,C,D,. and join O^A^, OiBi. OA, O^Dy. 

Through A^ draw a straight line making with A^B.^ an angle equal to B^AjQi. 

Through B^ draw a straight Hoe making with B^^A^ an angle equal to A^BiOi. 

Let these two straight lines meet at Oa- 

Join 0,(7„ 0,D,. 

It will be proved that the triangles OijliS,, O'^A^B^ are similar; that the 
triangles 0,B,Ci, OiB^G^ are similar, and so on. 

Since Oii.S. = Oaii.A> 

Oj,A,= 0^kA^, 
.: aAb, = aAb,. 
Hence the triangles -AjO,5„ A^OA are similar. [Prop. 26. 

Since A,B, : A A = B,G, : BA, 

.-. B,0,:B,0, = B,G,-BA, 

.-. B,0, : B,C, = 5,0, : AC,, [Prop. 22. 

Also aJiCi = ^^.(7,; 

.■. oJa = oAc^. 

Hence by Prop. 28 the triangles 0,BiG,, O^BA are similar. 

Tn like manner the triangles OADj and OAA can be proved to be similar; 
and also Oj^D^Aj, OsA-^s can be proved to be similar. 

So the two similar figures are divided up into the same number of triangles, 
such that every triangle in either figure is similar to one triangle in the other 
figure. 

The point d in the one figure corresponds to the point O3 in the other figure. 

Since Oi is any point in the one figure, it follows that to every point in one of 
the figures corresponds one and only one point of the other figure. 

9—2 
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Art. 114, COROLLARY. 

If in Figure 90 fAe first figure be placed on the second so that 0^ falls on O3, 
OiAi falls along OaA^, OiBi falls along O^B^, it can be shown that the sides of the 
first figure will then be parallel to and in the same direction as the corresponding 
sides of the second, and that the distances from Oi or Og to a point on either 
figure along any straight line are in the ratio of similitude of the figures. 

If 0, be placed on Og, OiAj along A^O^ produced through O2, and OiB^ along 
B^Oi produced through Oa, the sides of the first figure will then be parallel but in 
the opposite direction to the corresponding sides of the second figv/re. 

When the two figures have been placed as described in either of the two 
preceding cases, then the point 0^, with which 0, coincides, is called a centre 
of similitude of the two figures. 

The term centre of similitude is not however restricted to rectilineal figures. 
(See Art. llo, Ex. 40 below.) 

Art. 115. EXAMPLES. 

39. If two similar rectilinea,! figures are placed so that two consecutive sides 
of one figure are respectively parallel and both in the same direction as, or both in 
the opposite direction to, the corresponding sides of the other figure, then ea«h side 
of the one figure will be parallel to the corresponding side of the other figure, and 
the straight lines joining corresponding angular points of the two figures are all parallel 
or meet in a point; and in the latter case the distances from that point along any- 
straight line to the points where it meets corresponding sides of the figures are in 
the ratio of similitude of the figures. 

What is the ratio of similitude when the lines joining corresponding angular points 
are parallel! 

40. If the straight line joining the centres A, B of two circles be divided 
internally and externally in the ratio of the radii of the circles, (the segment of the 
line AB terminated at A corresponding to the radius of the circle whose centre is A"), 
then show that the points of division may he regarded as centres of similitude of 
the circles. 

Art. 116. PROPOSITION XXXII. (Euc. VI. 8.) 

Enunciation. If a right-angled triangle be divided into two parts by a 
perpendicular drawn from the vertex of the right angle on to the hypotenuse, 
then the triangles so formed are similar to each other and to the whole triangle; 
the perpendicular is a mean proportional between the segments of the hypotenuse; 
and each side is a mean proportional between the adjacent segment of the hypotenuse 
and the hypotenuse. 
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If ABG be the triangle, and B the vertex of the right angle, and if BJ) 
! drawn perpendicular to AG, it is required to prove 

(1) that the triangles ABC, ABD, BBC are similar. 

(2) that BD is a mean proportional between AD and DG. 

(3) that BG is a mean proportional between GD and AG. 
that BA is a mean proportional between AD and AG. 




The triangles ABC, ABD 



I be compared first. 

BAG ^ BAD 

ABG = ABB ^ a. right angle. 



.-. AdS^A^D. 
Hence the triangles are similar (Prop. 26). 

.-. BG:DB=GA:BA = AB:AD. 
Since GA : BA = BA : AD, 

,'. BA is a mean proportional between AG and AD. 

In like manner it can be shown that the triangles ABG, DBG are similar ; and 
that BG is a mean proportional between AC and GD. 

Since ABD, CBD are similar to ABG they are similar to one another. 
BAD = DBG 

ABD-^ sdn 

AbB^BDC, 
.-. DB : DC^BA : GB^AD : BD. 
Hence DB : DC = AD : DB, 

.-. DC : DB = DB : DA. [Prop. 19. 

Hence DB is a mean proportional between DA and DG. 

Art. 117. EXAMPLE 41. 
If in any triangle ABC, BD is drawn to cut AC 9.t D m tliat EDO is equal 
to ABC, prove that the triangles ABG, BCD are similar; that BC is a mean pro- 
portional between AC and CD, and that AC : AB =. BC : BD. 
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SECTION VI. 

MISCELLANEOUS GEOMETRICAL PROPOSITIONS. Props. 33, 34. 

Art. 118. PROPOSITION XXXIII. (Euc. VI. 13.) 

Enunciation, To find a mean proportional bei/ween two given segments of 
straight lilies. 




Fig. 92. 

Let the given straight lines be K and L, 

Take a straight line AD equal to K, and produce AD to G, so that DO 
is equal to L. 

On AC as diameter describe a semicircle. 

Through D draw DB perpendicular to ^C to cut the semicircle at B. 

Then DB is the mean proportional between K and L required. 

Join AB. BG. 

Then ABC being tho angle in a semicircle is a right angle. 

Also BD, being drawn perpendicular to AG from the vertex B of the right 
angle, is by Prop, 32 part (2) a mean proportional between AD and DG. 

.'. BD is a mean proportional between K and L. 

Art. 119. EXAMPLES. 

42. Bohe the pioblem of the last pioposition by means of Propoaitioa 32 (3) or (4), 

43. If two cuoles touch pach other and also touch a given straight line, prove 
that the part of the straight Ime between the points of contact is a mean proportional 
between the diameteis of the cutler 
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circle, a chord be drawn 
at B, prove that AB is 



120] 

44. If through the middle point A of the arc BAG of s 
cutting the chord of the arc BG at D and the circle again 
a mean proportional between AD and AE. 

45. If C be the centre of a circle, a point outside it, OT a tangent from 
to the circle, TP a perpendicular from T on 00, then prove that the radius of 
the circle is a mean proportional between CO and OP. 



Art. 120. PROPOSITION XXXIV. (1). (Euc. VI. 3 and A, 1st Part.) 

Enunciation. If the interior or exterior veHical angle of a triangle he 
bisected by a straight line which also cuts the base, the base is divided internally 
or eaiemally in the ratio of the sides of the triangle. 





Pig- 33. Fig. 94. 

Let ABG be a triangle. 

Lot BD bisect the interior angle ABO in Fig. 93, but the exterior i 
A'BC between GB and AB produced to A' in Fig. 94. 
Let BD cut the base at D. 
To prove that AD:DG = AB: BG. 
Draw CE pai-allel to BB cutting AB at K 



Then 



Since ADC. ABE i 



BEG = DBA in Fig. 93 
= DBG 
^BdE, 
.-. BEG^BGE, 
.-. BG = BE. 
! cut by parallel lines BD, GE, 
.-. AD : DG ^ AB : BE, 
.-. AD : DG = AB : BG. 



' in Fig. I 



[Prop. 13. 
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Art. 121. PROPOSITION XXXIV. (u). (Eue. VI. 3 and A, 2nd Part.) 

Enunciation. If the hose of a triangle he divided inten-nally or extemally 
in the ratio of the sides of the triangle, the straight line drawn from the point 
of division to the vertex bisects the interior or exterior vertical angle. 





Pig. 95. 

Let ABG be a triangle. 

Let D divide the base AG, internally in Fig. 95, externally in Fig. 96, so that 

AB: DG = AB:BC. 
To prove that DB bisects the interior angle ABG in Fig. 2o, but the exteiior 
igle between CB and AB produced through B in Fig. 96. 
Join DB, and draw GE parallel to DB cutting AB at E. 



leii 






AB-.BO 


.AB 


:BE 








[Prop. 


13. 








AD: DC 


.AB 


BC 


















: AB : BE 


=.AB 


iBC 








[Prop. 


10. 








.-. BE 


-BC. 










[Prop. 


21. 








.-. BCE 


= BEC. 












ow ABD 


in Fig. 


95, 


or A'BD in 


Fig 


96 = 


BEC 

b6b 

DBC, 










.-. ABD 


m Fig. 


95, 


or A'6d in 


Fig. 


96 = 


DBC. 










onoo DB 


bisects 


the 


interior vertical angle 


in Fig. 


95, 


but 


the exterior 



srtical angle in Fig. 9G. 
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Art. 122. EXAMPLES. 



46. If the internal and external angles at Jl o£ the triangle ABC be bisected 
by straight linea which out the side AC at D and £ respectively, show that A, D, C, E 
are four harmonic points. 

47. By means of Proposition 3i construct the fourtli harmonic to three given 
points A, B, C on a straight line ; considering separately the cases which ftrise according 
as the fourth harmonic is to be conjugate to A w £ or C. 

48. If ABC be a triangle inscribed in a circle, PQ a diameter of the circle 
perpendicular to AC, if CB cut PQ at R, and AB cut PQ at S, prove that 

QH-.RP^QS-.SP. 
Hence construct the fourth harmonic to three given points on a straight line. 

49. Divide a given arc of a circle into two parts so that the chords of these 
parts may be to ea«h other in a given ratio. 

50. A point P moves in a plane so that the ratio of its distances from two fixed 
points A, B in that plane is always the same. Show that in general the locus of P is 
a circle, the extremities of one diameter of which are the points dividing A B internally 
and externally in the given ratio. What is the exceptional case 1 

51. The side £C of a triangle ABC is bisected at D, and the angles A DB, ADC are 
bisected by the straight lines £)S, DP meeting AC, AB a.t M, F respectively. Prove 
that EF is parallel to £C. 

52. If the bisector of the angle A of the triangle ABC cut BG at D, and if 
the. bisector of the angle B cut AC at E, and if DE be parallel ta AB, prove that 
the triangle ABG is isosceles. 

53. If ABC be a triangle, if D be the middle point of BG, if any straight line 
through D cut AB at E, AC at F, and a parallel through A to BC &t G ; then 
prove that E, i>, F, G are four harmonic points. 

Hence show that if any point he joined to four harmonic points, they will be 
cut by any transversal in four harmonic points. 

Art. 123. Diif. 20. HARMONIC LIKES. 

If four straight lines be cut by any transversal in four harmonic points 
they are called four harmonic lines, or are said to form a harmonic pencil. 
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SECTION VII. 

THE COMPOUNDING OF HATIOS. DUPLICATE RATIO, Props. 35-37. 



Art. 124, The following proposition, No. 3-3, is necessary for, and propo- 
sition 56 below is dso very usefnl in, the theory of the Compounding of 



Art. 125. PROPOSITION XXXV* (Euc. V. 22.) 

Enunciation 1. 

li A, B, G aro three magnitudes of the same kind; 
if T, U, V are three magnitudes of the same kind; 
if A:B=T:U, 

and B:C=U:V, 

prove that A : = T : V. 

Enunciation 2. 

If A. B, C are three magnitudes of the same kind; 
if T, V, V are three magnitudes of the same kind; 
if [A,B]=^[T, U], 

and [S, c]=[p;f], 

■prove thai [^, 0]=[r, 7]. 

As in Prop. 22 it is convenient to use the second form of the condition.? 
for the sameness of two scales in Prop. S. 

Take any integer r in the first column, and any integer s in the second 
column of the scales to be proved the same. It is necessary to show that 

(1) lirAKsC, then rT < sY. 

(2) UrA>8G, then rT>sV. 

(3) If rT < sV, then rA < sG. 

(4) If rT > sV, then rA > sG. 

* See Note 9. 
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If tA < sC, 

then since rA, sC, and B arc iiiagoitudes of the same kind, by Prop. 7 integers 
re, t exist such that 

7i,rA < tB, 
and tB < nsC. 

Now ■ . ■ nrA < tB, 

the scale of A, B shows the fact exhibited in Fig. 97. 





t 


w 




T 


U 



Fifi. 97. Fig. 

Bub [A,B]=^[T, Ul 
.-. the scale of T, U shows the fact exhibited in Fig. 98, 
.-. nrT<tU 

Again ■.■ tB<nsC, 

the scale of B, C shows the fact exhibited in Fig. 99. 



,,<!). 



Fig. 99. Fig. 100. 

But [B, C]=[E7, n. 

. the scale of U, V shows the fact exhibited in Fig. 100, 

.-. tU<mV (11). 

From (I) and (11) nrT<n^y, 

.: rT<sY, 

.-. i!rA<aC, then rT < s7 (Ill) 

10—2 
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In like manner* H rA > sC, then rT>BV (IV), 

if rT<sV, then rA<sG (V), 

if rT>sV, then rA>sG (YI). 

From (III), (IV), (V), (VI) it follows by Prop. 8 (ii) that 
[^. C] = [r, 7]. 

Art. 126. EXAMPLE 54 

Two circles whose centres are C and C" intercept equal chords AB and A'B' on 
a straight line cutting both circles. 

The tangents at A and A' meet at T. 

Prove that AT : A'T-^ AG : A'C. 

Art. 127. THE COMPOUNDING OE RATIOS. 

The development of this process is made in four stages. 

Stage 1. When it is necessary to determine the relative magnitude of two 
magnitudes, A and 0, of the same kind, it is often convenient not to make 
the comparison directly, but indirectly by taking another magnitude B of the 
same kind as A and G; and then comparing A with B, and afterwards B with G. 

From this point of view the relative "magnitude of A and G is considered to be 
determined by the relative magnitude of A and B and the relative magnitude of 
B and G. 

Stage 2. Euclid expresses the general idea stated in the first stagef by 
saying that the ratio of ^ to is compounded of the ratio of A to B and 
the ratio of B to G. 

" The proof of (IV) is obtained from that of (III) by reversing all the sigiiG of inequalitj, and 
making the corresponding changes in the figures. 

7 suuh tliiit 



1 be deduced from the original 



To obtain (V), sir 


ice rr<aF, observe that integers n, t exist 1 




nrT-^m, 


d th p I 


th 1 t f (III) 


1 t 1 


th t 1h It g y be re-mitt 




[T l]^[A B], 


d 


[I I]:^[-B C]. 


C mp g th 


h tl 1 t m t n tliat they 


m b t 1 gi 


g A a T B d E d I 


H t I m 


U t in k th 1 g (III) and i 


d (VI) 




+ S th 2iJ d p 


p fElii&fehBk where the i 


th 5 1 1 


t ± th t b k 



:sily understood 
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Stage 3. Oe/ 21. THE PROCESS OF COMPOUNDING RATIOS, 

Let the ratios to be compoundeii he F -. Q and 2' : U. 
Take any arbitrary magnitude A, and then find B so that 

P:Q = A : B (I), 

and then find C so that T -.U^B -.C (II). 

Then the ratio compounded o? P : Q Eind r ; (7 is the ratio compounded 
oi A : B and B : C, and is therefore ^ ; 6' by the statement in the second 
stage. 

Tliis process* contains an arbitrary element, viz. A. 

Stage 4. In oi-der to justify the process described in the preceding stage, it 
is necessary to show that the presence of the arbitrary element in the third stage 
has no influence on the value of the resulting ratio. 

Suppose that instead of A, the magnitude A' had been selected, and that 
B' and G' had then been found so that 

P:Q^A' -.B' (Ill), 

T :U^B' ■ Cf (IV). 

Then the resulting ratio would be that compounded of A' : B' and B' : C", 
and would therefore be A' : C 

In order that this may agree with the previous resulf,, it is necessary to 
show that 

A :G = A' : C" (V). 

From (I) and (III) by Prop. 10 

A ■.B = A':B' (VI). 

From (II) and (IV) by Prop. 10 

B : 6' = B' : C (VII). 

From (VI) and (VII) by Prop. 35, the proportion (V) follows. 
Hence the process in the third stage always leads to the same value of the 
resultir^ ratio, whatever be the value of the arbitrai'y element. 

This is the justification of the process described in the third stage. 

* It ehonld be noted that this process assumes the esietence of B and C, when A has lieen chosen 
arbitrarily, tlic proof of which depends on the Fundamental Proposition in the Thcorj of Scales. 
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Art. 128. ARITHMETICAL APPLICATION OF THE PROCESS FOK 
COMPOUNDING KATIOS. 

To compound the ratio r : s with the ratio u : v where r, s, u, v are positive 
integers. 

r : s — fu : su) 

!■ by Prop. 9. 
u : v — sit : sv ) 

compounded with u : v 
t compounded with su : sv 

by the definition oC the ratio compounded of other ratios in Art. 127, Stage 2. 
Now the measure of r : s is ' 

the measure of -u : v is - ; \ [Arts. 44, 

and the measure of ru : sv is - 

Observe further that — is defined to be the Arithmetical Product of - 
sv s 

and - , the result being written 



Hence this arithmetical theorem corresponds to the theorem that 
r : s compounded with u : v — ru : sv. 



Art. 129. Be/. 2% DIJPLTCATE RATIO. 

If a ratio be compounded with itself the resulting ratio is called the 
duplicate ratio of the original ratio. 

Thus if A : B be compounded with A : B, the resulting ratio ia called the 
duplicate ratio cA A : B. 
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Art. 130. PROPOSITION XXXVI, 

E^fUNCIATION. If three magnitudes be in proportion the first ha^ to the third 
ike duplicate ratio of the first to the second. 

Let A:B = B:G. 

Then if ^ : S be compounded with A : B, the result is the same as if 
A : B he compounded with B : G, and is therefore A : G. [Art. 1 27, Stage 2. 
Henco A : G \& the duplicate ratio oi A: B, it' A : B = B : G. 



Art. 131. PROPOSITION XXXVII. 

Enunciation. // two ratios be equal, their duplicate ratios are also equal. 

If A iB^G-.D (1), 

it is required to prove that the duplicate ratio o( A : B is equal to that of G : D. 

Take E so that A:B = B:i: (2), 

and F so that G:J)^D:F. (3), 

Then by (1), (2), (3) and Prop. 10 

B:E^D:F (4). 

Hence from (1) and (4) A:E=G: F, [Prop. 3.5. 

But by (2) A : E is the duplicate ratio o? A : B [Prop. 36. 

and by (3) G : F is the duplicate ratio oi G ■ D [Prop. 36. 

,'. the duplicate ratio of ^ ; £ is equal to the duplicate ratio of G : D. 
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AEEAS. Pi-ops. 38— 4y. 



Art. 132. PROPOSITION XXXVIII (i). (Euc. VI. 16, lat Part.) 

Enunciation. If four straight lines are proportional, the rectangle contained 
by the extremes is equal to the rectangle contai'ned by the means. 

Let K, L, M, P be the straight lines, such that 

it is required to prove that the rectangle contained by K and P is equal to 
that contained by L and M. 



. _ I 

D H 



Fig, 101. 

Take AB equal to K. 

Produce AB to C so that BC ia equal to L. 

Through B draw BD equal to M perpendicular to AB, and produce DB 
to E so that BE is equal to P. 

Complete the rectangles ABEF, BCGE, BOHR 

Since rectangles having equal altitudes are proportional to their bases 
(Prop. 17) 

ABEF : BCGE ^ AB : BC = K : L, 
BCHD : BCGE = BD -.BE^ M : P. 
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Now ABEF is 
Whilst BCIID 



K :L = M -.P, 
■ . ABEF : BCGE = BGHB : BCGE, 

.-. ABEF^BCHD. [Prop, 21. 

,he rectangle contained by AB and BE, i.e. by K and P. 
i the rectangle contained by BG and BD, i.e. by L and M. 



.'. the rectangle contained by K and P is equal to that contained by L and M. 



Art. 133. PROPOSITIOH XXXVIII (ii). (Euc. VI. 16, 2nd Part.) 

Enunciation. Let there be four straight lines, which taken in a definite 
order are K, L, M, P; and let it be given that the rectangle contained by the 
first and fourth, K amd P, is equal to the rectangle contained by the second 
and third, L and M ; to prove that 

K :L = M:P. 



F 


G 








H 



Make the same construction as in the preceding part of tho proposition. 

The rectangle contained by K and P is the rectangle contained by AB 
and BE and is therefore ABEF, 

The rectangle contained by L and M is the rectangle contained by BC 
and BB, and is therefore BGHD. 

.-, ABEF is given equal to BGHD. 

.-. ABEF ■ BGGE = BGED : BOGE, [Prop. 20. 

but ABEF : BGGE = AB:BG=K:L, [Prop. 17. 

and BGHD : BCGE = BD : BE^ M : P, [ Prop. 1 7. 

.-. K:L = M:P. [Prop, 10. 

H. E. 11 
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Art, 134. COROLLARY TO PROPOSITION 38. (Euc. VI. 17.) 

Part 1. If three sbraight lines are proportionals, the rectangle contained by 
the extremes is equal to the square on the mean. 

Part 2. Let there be three straight lines, which taken in a definite order are 
K, L, and P ; and let it be given that the rectangle contained by iJte first and 
third, K and P, is equal to the square on the second, L, then it will follow that 
K;L = L:P. 

The first part is the particular ease of Proposition 88 (i), and the second 
part the particular case of Proposition 38 (ii), when M — L. 

Art. 135. EXAMPLES. 

55. Let C be the centre of a circle, any point in its plane ; let A and /■ be 
the extremities of the diameter through ; let P and Q be the extremities of any 
chord through 0. Prove that the circle drawn through C, P and Q cuts 00 in a 
point D which is the same for all directions of the chord OPQ, and show that 

OA:OD^OG: OB. 

56. (i) Let A be the centre o£ a circle, B a point outside it, BD and BE tangents 
to the circle, G the point in which DE cuts AB, BFG a straight line through B cutting 
the circle at F and G ; then prove that the rectangle BA . BG is equal to the rectangle 
BF. BG. Prove that GB bisects the angle FOG, and that if 01) cut FG at H, then 
-5, F, H, G are four harmonic points. 

(ii) Let A be the centre of a circle, B a point inside the circle, and let any 
chord GBF be drawn through B, and produced to ZT so that G, B, F, H are four 
harmonic points, prove that the locus of if is a straight line which cuts AB at right 
angles at a point such that the rectangle BA . BG is equal to the rectangle BF . BG. 

57. If A, B, 0, D are four harmonic points and the middle point between 
the two conjugate points A and G, prove that the rectangle contained by OB and 
OD is equal to the square on 00. 

Art. 136. Def. 23. POLE AND POLAR. 

If through any point a straight line be drawn cutting a circle at P 
and Q, and on OPQ a point B be taken so that 0, P, Ji, Q are four harmonic 
points, and Ii being conjugates; then the locus of E is called the polar 
line of 0, aoid is called the pole of the locus of E. 

It is a result of Example 50 that the polar line is a straight line. 
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Art. 137. EXAMPLES. 

68. If G be the centre of a circle, any point in its plane and T the foot of 
the perpendicular from G on to the polar line of 0, then prove that the rectangle 
contained by GO and CT is equal to the square on the radius of the circle. 

59. If A lie on the polar of B with regard to & circle, show that B lies on 
the polar of A with regard to that circle. 

(Two such points as A, B are said to be conjugate with regard to the circle.) 

60. If two circles cut at right angles prove that the extremities of any diameter 
of either circle are conjugate poinfa with regard to the other circle. 

61. 11 A, B he two points, and if from A a perpendicular AP be drawa to the 
polar line of B with regard to a circle whose centre is 0, and if from B a perpendicular 
BQ be drawn to the polar line of A, prove that 

CA IB AP Pi 
ajid show that the triangles CAP LBQ la 

62. Let G be the centre of I 1 a y fi el po nt u is pla e let CF cut 
the circumference at A, and let a po nt P be taLen o CI o tl at the ecta igle 
GV.GP is equal to the square on 0.^ L t a st git Inf PY Le 1 nn tl ough 
P perpendicular to CP, and let PH be c t 1 y any st a ht 1 ne tl ougl 7 n W, 
and by a perpendicular through C to 1 H m A [ o e that the ectan le PS PW 
will always be equal to the i-ectanj,le CP P} 1 te e di ect tl e st a 1 1 line 
VW may be drawn. 

Art. 138. Be/. 24. INVEI-iSE LOCUS. CENTKE 01' INVERSION. 

If from any point a strtuglit line be drawn to cut any curve at P, 
and on OP a point Q be taken so that the rectangle OP. OQ haa a constant 
area, then the locus of Q is called the inverse of the lociis of P with 
regard to as centre (or origin) of inversion. 

The side of the square whose area is equal to the constant rectangle OP . OQ 
is called the radius of inversion. 

Also P and Q are said to be inverse points with regard to the circle whose 
centre is 0, and whose radius is the radius of i 



Art. 139. EXAMPLES, 

63. If the locus of P is a circle, show that the inverse locus is generally a circle, 
but will be a straight line if the centre of inversion be a point on the circle on 
which P lies. 
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64 If the locus of / s i stra ght 1 n 1 o t} t tl e e e 1 u circle 
pasai ig tl rough tl e centre f i ers 

65 If two c r le o stri ght 1 ne n I le o t o straight hues nteraect 
one a the show tl at the angle of te e t eq al to ti e angle of ntersection 
of tl nee loc 

Art. 140. D>f. 25. THE "RADICAL AXIS OF TWO CIKCLES. 

The loGiis of points from which tangents drawn to two circles are of 
equal length is called the radical axis of the two circles. 

Art. 141. EXAMPLES. 

66. If two circles intersect, show that the straight line joining their points of 
intersection is their radica,! axis. 

If they do not intersect, show that the radical axis is perpendicular to the line 
joining the centres of the circles, and cuts it at a point which is such that douhle the 
distance of this point from the point half way between the centres of the circles is 
a fourth proportional to the distance between the centres of the circles, the sum of 
their radii and the difference of their radii. 

67. Show that the difference between the squares of tlie tangents from any point 
P to two circles is equal to twice the rectangle contained by the perpendicular from 
P on the radical axis, and the distance between the centres of the circles. 

68. Show how to choose the centre and the radius of inversion so that two 
given circles may be inverted each into itself. 



Art. 142. PROPOSITION XXXIX, 

Enunciation. The rectangle contamed hy the diagonals of a qimdrilateral 
cannot be greater than the sum of the rectangles contained hy opposite sides. (It 
may be equal, and in that case a circle can be described through the vertices 
of the quadrilateral.) 
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Let ABVD be a quadrilateral. 

It ifl required to prove that the rectangle AG.BD cannot be greater than 
the stim of the rectangles AD.BC and AB.GD. 

On BC describe the triangle BCE similar to ABB, so that the side BO of 
BGU may correspond to the side BJ) of ABD. 
Then C^JS = ABD 

B^E^BbA 
B&G=BAD. 
Also BD:BG = DA : CE = AB: EB. 

From the first and second ratios it follows by Prop. S8 (i) that 

rect. BD.CE ^rect AD.BG. 
Also from the first and third ratios 

BD:BO=BA -BE, 
but also dMc = D&E + E^C 

= DBS + D^A 
^ABE. 
Hence by Prop. 28 the triangles DBG, ABE are similar. 




The side BD corresponds to BA, 

the side BO corresponds to BE, 

and the aide GD corresponds to AE. 

.-. BD : BA = DG : AE = OB : EB. 
From the first and second ratios by Prop. 38 (i) 

rect. BD.AE = rQQ\.. AB.GD. 
Now it has been shown that 

rect. BD.GE=-rQct. AD.BC, 
.-. recb. BD.AE + i-ect. BD.OE^recb. AB.CD + rect AD.BG. 
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Now AC cannot be greater than AE + EC. 

(The case in which AC is equal to AE + EG will bo considered below.) 

.-. rect. BD.AG cannot be greater than rect. BD.AE + re(ii. BD.GE. 

.-. rect. BD.AC cannot be greater than rect, ^S.Ci> + rect. AD.BG. 

If AC^AE^EG, 

then E lies on AG, 
and rect. BD.^C= rect. AB.GD + tqq\,. AD.BG. 

Now BGE^BDA, 

whilst in this case BCE= BGA. 

.: Bt!A = BDA, 
and therefore the circle circumscribing ABD passes through C. 

Hence a circle can be describecJ about the vertices of the quadrilateral ABGD. 

Art. 143, It is interesting to esamine what happens when D and G are 
points on the straight line AB. 

In this case the straight line can be regarded as a circle of infinite radius. 

Hence taking the points on the line in the order A, B, G, D the lines 
corresponding to the diagonals are AC, BD; whilst AB, CD correspond to one 
pair of opposite sides; and BC, AD to the other pair. 

Hence rect. AG.BD = Te(il. ^5. OH + rect. BG.AD. 

This result is easily verified. 

Art. 144. PROPOSITION XL. (Euo. VI. 23.) 

Enunciation. The a7-eas of equiangular parallelograms are to one another 
in the ratio which is compoimded of the ratios of their sides. 

Since the parallelograms are equiangular it is always possible to place one 
on the other, so that a vertex of the one coincides with a vertex of the other, 
and the sides of the one parallelogi-am which b c 

pass through that vertex fall upon the sides of 
the other which pass through that vertex. 

When this has been done let the parallelo- 
gnuns be ABCB, AEFQ. 

Since A^G^AEF, 

EF is parallel to BG. 

Produce EF to cut CD at H. Fig. 100. 
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Now parallelogram ABGD : parallelogram AEFG 

is equal to tlie ratio compoiinded of 

parallelogram ABGD : parallelogram AEHD 
and parallelogram AEHD : parallelogram AEFG, 

and is therefore eqvial to the ratio compounded of 
AB:AE and AD : AG. 



[Art. 127. 



[rrop, 17. 
give the value of tho 



/ 




./, 








/ 


/-^ 


tf 



Art. 145. A slight addition to the construction 
ratio compounded of AB : AE and AD : j1(? as 
the ratio of two lines. 

Produce EF to cut CD in H. 
Join AH, and let it cub FG in M. 
Through M draw PMQ parallel to AD, cutting 
AB at P and CD at Q. 

Then the parallelograms AEFG and APQD 
are equal in area. " " " 

.-. ABCD: AEFG = ABGD: ABQD Fig. 107. 

^AB:AP. [Prop. 17. 

To sec that AB : AP is the ratio compounded of AB : AE and AD : AG, 

observe that AB : AP is the ratio compounded of AB : AE and AE : AP. 

But AE : AP = AH : AM [Prop. 1-3. 

= AD -.AG. [Prop. 13. 

.-. ^S : -dP^ ratio compounded of ^5 : jIS and AD: AG. 



Art. 146. NOTE. 

If the ratios AB : AE and AD : AG be given, the construction of the figure 
determines a point P such that the ratio AB ; AP is the ratio compounded 
lyiAB-.AE and AD i AG. 



Art. 147. COROLLARIES. 

(1) Two rectangles have to one another the ratio compounded of the ratios 
of their sides. 

From (1) and the definition of duplicate ratio (Art. 129} it follows that 

(2) Two squares are to one another in the duplicate ratio of their sides. 
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Art. 148. EXAMPLE 69. 
The triangles ABC, DSF hsivo the angles at A and I) either equal or supplementary; 
prove that the triangles are to one another in the ratio compounded of AB : DE and 
AC : DF. 



Art. 149. PROPOSITION XLI. 

Ekunciation. The ratio of the areas of two triangles is the ratio > 
pounded of the ratio of their bases and the ratio of their altitudes. 



3 L 




Let ABC, DEF be two triangles, standing on the bases AC, DF respectively. 
Draw BG perpendicular to AC, EH perpendicular to I)F. 
Then AG ; DF is the ratio of the bases of the triangles, and BG : EH is 
the ratio of their altitudes. 
It is required to show that 

A ABC : ADEF^Tufio compounded of -4(7 : DF and BG : Eff. 
Draw the rectangle AKLC on the base AG having the same altitude as 
the triangle ABG. 

Draw the rectangle DMNF on the base DF having the same altitude as 
the triangle DEF. 

Then rect. AKLC=^2AABG, 

and rect. DMNF^IaDEF. 

.-. hABG-.ADEF^TSiit. AKLC -.rect. DMNF [Art. 42. 

= ratio compounded i>{ AC : DF and AK : DM 
= ratio compounded of AC : DF and BG : EH. 

Art. 150. EXAMPLE 70. 
If ABC be a triangle, and if BE, CF be drawn pei-pendicular to the sides AC, 
AB respectively; prove that the triangle ABE is to the triangle ACF as the square 
on AB is to the square on AG. 
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Art. 151. PROPOSITION XLII. (Euc. VI. 19.) 

Enunciation. The areas of similar triangles are to one, another in the 
dwplicate ratio of corresponding sides.*^ 

Let the triangles ABG, BEF be similar. 
Let the side AG correspond to the side BF. 
To prove that li.ABO : £\DEF 

= duplicate ratio of AC : BF. 




Fig. 109. 

Take AG on AB equal to BE, the side corresponding to AB ; 
and AH on AC equal to BF, the side corresponding to AG. 

Join Off. 
Then the triangles AGH, BEF have 

AG^BE, 
AH=BF, 
GAR^EBF. 
.■, they are congruent. 

.-. AHG = BFE = AdB. 
.-. GH is parallel to BG. 
Now join GG. 
Now aABC ■ aDEF^aAEC : aAGR 

- ratio compounded of aABG : nAGG and l\AGC : aAGH. 
But aABG : aAGC = AB : AG [Prop. 17. 

^AB-.BE 
= AG -.BF 
since the triangles ABG, BEF aro similar. 

*" The proof terG given is of the same kiafl as that in Prop. 40. 
H. G. U 
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Also aAOG : aAGH^AG : AH [Prop. 17. 

= AG : DF. 
.-. aABC : ADEF^T&tio compounded of AC : DF and AC : DF 
= duplicate ratio of .^G : DF. 

Art. 152. COROLLARY. 

From Prop. 42 and the second Corollary in Art. 147 it follows that 

The areas of similar triangles are proportional to the squares on con-e- 
sponding sides'*. 

This result may also be stated thus ; 

The areas of similar triangles are proportional to the squares of their 
linear dimensions. 



Art. 153. PROPOSITION XLIII. (Euc. V. 12.) 

Enunciation 1. If there be any number of equal ratios in which the 
magnitudes are all of the same kind, then the ratio of any antecedent to its 
consequent is equal to the ratio of the sum of the antecedents to the sum of 
the consequents; i.e. if 

A :B = C:D^E:F, 
then A : B= A + G + E : B + D + F. 

Enunciation 2. If there be any number of pairs of magnitudes all of the 
same kind, and if each pair have the same scale; then this scale is also the scale 
of the two magnitudes, of which the first is the sum of the first terms of the pairs 
amd the second is the sum of the second terms of the pairs ; i.e. if 

[A,B]=^[C,D]=^[E,Fl 
then [A,B]=^[A+G+E, B + D + F]. 

Take any two integers, r in the first column, and s in the second column of 
the scale of ^1, B. 
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Then there are the three alternatives 



A B 



Fig. 110. 
which represent 
rA >sB 
Since [A,B]=^[C,D]^[E,F] 
there are the figures 



rA = sB 



Fig. 113. 
which represent 

rO>sD 
and the figures 



E F 



Fig. 116. 
which represent 

rE > sF 
Hence, when 

rA >sB 
it is also true that 

rO > sD 

rE>sF 



c n 



rC = sD 
rE^sF 



A B 



Fig. 115. 
tC < sD 



E F 



Fig, 118. 

rE < sF. 

rA < sB 

rG<sD 
rE<sF 
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and therefore also 

r(A + G+E)>s(B+D+Fy, r(A + G+E)=s(B + D+F); r{A + C+E)<s{B + D+F) 

which are represented hy the figures 



A+c+E B+D+F 



A+C+E B+D+F 



A+C+E B+D+F 



Compariug figures 119, 120, 121 with ligores 110. Ill, 112 respectively, it 
follows that 

[A,B]=^[A + G+E, B + D + F]. 

Art. 154. EXAMPLE 71. 

The perimeters of similar triangles (or similar rectilineal figures) are to one another 
in the ratio of corresponding aides. 



Art. 155. PROPOSITION XLIV. (Eue. VI. 20.) 

ENUNCliTlOK". The areas of similar rectilineal figures are to one anoth 
the dv^Mcate ratio of corresponding sides. 

Let AiBiOiDi and AiBtiC^Ds be similar figures, and A,B,, A^B^ eorre; 



To prove that 

A,B,C\F>i : ^a-fi/^A^ duplicate ratio of A,B, : A^i 
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Taking the figure of Proposition 31 it was proved thafi the triangles Oi^jBi, 
0,A,B, were similar, as were also 0,BA and 0,B,G„ OA^i and 0,G,D„ 
0,D,A, and 0,D,A.- 
Hence by Prop. 42 

aOi^iBi : AO^^sSj = duplicate ratio of A^B^ : A^B^, 
/sO.BA ■■/^O^B.,0^ = duplicate ratio of ^C^i ^ ^.^a, 
aOAOi -^OAD^ = duplicate ratio of C\D, : C^D.„ 
AOi2)i'^i:AOai)2A= duplicate ratio oi D^A^: D.,A.,. 
But since the figures are similar 

A,B, : A^B, = BA ; BA = G,D, : C,D, = A^i ; A^^. 
Hence by Prop. 37 the duplicate ratios of these ratios are equal, 
.-. ^O^AA ■■ A0,-4aBj = aO,BA : aO,BA = aO.OA ■ aO,(7,/), = i\0,D,A> : aOJ),A,. 
Hence by Prop. 43 

aO,v1,5, :A0.^.A 
= aO,A,B, + aO,BA+aO,GiB,+aO,D,A,:aO,A,B,+aO,BA+aOAD, + aO^^, 
= figure AAG,D, : figure A.BAB,. 

.: figure A^G^D^ : figure ^5 Af^^ A = duplicate ratio of A,B, ; AA- 

Art. 156. COROLLARY. 

From this and Art. 147 (2) it follows that the arem of similar rectilineal 
figures are proportional to the squares described on corresponding sides. 



Art. 157. PROPOSITION XLV. (i). (Euc. VI. 22, lat Part.) 

Enunciation. Let there be four straight lines A, B, G, I) which are 1 
proportion. 

Let two similar rectilinear figures be similarly described on A and B. 
Let two similar rectilinear figures be similarly described on G and D. 
It is required to prove that 

the figure on A : the figure on B 
= the figure on C -.the figure on D. 
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Let the similar figures similarly described on A and B be called U and V 
respectively. 



ZZA 




rig. 123. 



Then U:V = duplicate ratio oi A : B. [Prop. 44. 

Let the similar figures similarly described on C and I) he called W and X 
respectively. 

Then TT : Z = duplicate ratio of : i>. [Prop. 44. 

Now A:B = C:D. 

.-. the duplicate ratio oi A : B 
— the duplicate ratio oi G : D, [Prop. 37. 

.-. U:V^W:X. 



Art. 158. PROPOSITION XLV. (ii). (Enc. VI. 22, 2nd Part.) 

Enunciation. Let there be fowr straight lines A, B, C, B. 
Let two similar figures be similarly described on A and B. 
Let two similar figures be similarly described on and D. 
Let it he given that 

the figure on A : the figure on B 
= tlie figurre on : the figvn'e on J). 
It is required to prove that 

A:B^G:D. 



zn 
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Let the similar figures on A and B be called U and V respectively. 
Then U : F=the square on A : clie square on if. [Art. 156. 

Let the similar figures on G and D be called W and X respectively. 
Then W:X = tlie square on ; the square on B. [Art. 156. 

It is given that U-.V^WiX, 

.■. the square on A : the square on B 
= the square on C : the squai-e on D. 
If possible let A : B be not equal to C : D. 

Take ^ so that A:B = C:E, [Prop. 14. 

.-. the duplicate ratio oi A : B 
= the duphcate ratio oi : E, [Prop. 37. 

.-. the square on A : the square on B 

= the square on C : the square on E, [Art. 147 (2). 

.'. the square on C : the square on D 
= the square on C : the square on E, 
.•. the square on /) = the square on E. [Prop. 21. 

But if two squares are equal, their sides must be equal. 
,-. B^E. 
.: A:B=G:B. 

Art. 159. PROPOSITION XL VI. (Euc. VI. 31.)* 

E^fUNCIATION, In any nght-anghd triangle, any rectUmeal figure described 
on the hypotenuse is equal to the sum of the two similar and similarly described 
figures on the sides. 

Let ABO be a triangle right-angled at 0. 

On AB let any rectilineal figure A' be described. 

On BO let a rectilineal figure Y be described similar to X so that the side 
BC of F corresponds to the side AB of X; and on AO let a rectilineal figure 
Z be described similar to X so that the side AG of Z corresponds to the aide 
AB of X 

It is required to prove that 

X^Y + Z 

* I am indebted to Mr H. M. Taylor, the author of the Pitt Preaa Euclid, and to the Sjadioate 
of the Pitt Pceaa for their kind perraiasioa to uae thia proof, which la aubatantially the aame aa 
that given. Ja the Pitt Piess Euolid. 
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Since X and T are similar figures, and AB, BG 
therefore by the corollary to Proposition 44 
X : Y= square on AB : square on BG. 
In like manner 

X : ^ = square on AB : square on AG. 
Now X, Y, Z and the squares on AB, BG, 
GA are all magnitudes of bhe same kind, viz. 



.-. by Prop. 22 

X : square on ^B = Y : square on SO, 

. X : square on AB= Z : square on AG, '^ 

, Y : square on BG = Z : square on AG. 
, F : aquare on BC =Y + Z : square on BG + square on AG 

= Y + Z: square on AB. 
, X : square on ^J5 = F + ^ : square on AB. 
.-. X = Y + Z. 




[Prop. 10. 
[Prop. 43. 



[Prop. 21. 



Art. 160. EXAMPLE 72. 



In an acute-; 
show that the si 



igled triangle similar figures an 
a of any two of them is greatei 



similarly deacril: 
than the tliird. 



Art. 161. PROPOSITION XLVII. (Euc. VI. 25.) 

Enunciation. To describe a rectilineal figure similar to one given rectilineal 
jigwre and equal in area, to another given rectilineal figure. 



y Google 



163] EUCLID, BOOKS V. AND VI. 97 

(In ordinary language to deacribe a figure having the shape of one given 
figure and the size of another.) 

Let it be required to describe a figure similar to the figure ABODE and 
equal to the figure FGHK. 

On AB describe a rectangle ABLM equal to ABODE. 

On BL describe a rectangle BLMO equal to FGHK, 

Take PQ a mean proportional between AB and BO. [Prop. 33. 

On PQ describe a figure PQRST similar to ABODE, so that PQ may 



correspond to AB. 


[Prop. 30. 


It will bo shewn that PQBST is the figure required. 




Since AB:PQ = PQ: BO, 




.■• AB : BO is the duplicate ratio of AB : PQ. 


[Pmp. 36. 


Now AB: BO -ABLM : BLlfO 


[Prop. 1?. 


- ABOPE : FGHK. 





Also the duplicate ratio of AB : PQ = ABODE : PQRST. [Prop. 44. 

.-. ABODE : FGHK = ABODE : PQRST. 

.-. FGHK^PQRST. [Prop. 21. 

Hence PQRST ia equal to FGHK and similar to ABODE. 
It is therefore tho figure required. 

Art. 162. Be/. 26. FIGURES WITH SIDES RECIPliOCALLY 
PROPORTIONAL. 

A figure is said to liave tlie two sides about one angle reciprocally 
proportional to the two sides about an angle of another figure wlien these 
four sides are proportional in the following manner: 

a sicie of the first figure : a side of the second figure 
= the other side of the second figure : the other side of the first figure. 



Art. 163. PROPOSITION XLVIII. (i). (Eue. VI. 14, 1st Part.) 

Enunciation. Parallelograiiis having equal areas and having one a'ogle of 
the one equal to one angle of the other have the sides about the equal angles 
reciprocally/ prc^ortional. 

Let the two parallelograms be placed so that the equal angles have the same 
vertex, and the sides of one at that vertex lie on the sides of the other at that 
vertex produced. 
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When the parallelograms have been so placed let them be ABGD, BEFG, 
having the angles ABG, EBG equal; and let BE be on AB produced, and 
BQ on QB produced. 



ABOD - BEFa, 




v-V\ 


AECD : BEHO - BEFG : BEHG. 


[Prop, 20. 


. .K\ 


AB(W:BEHO = AB:BE 


[Prop. 17. 


V 


BEFB : BEHO = OB : BC. 


[Prop. 17. 


G 


.: AB : BE . EB : BC. 


[Prop. 10. 


Fig. 127. 



Hence the two sides of ABGD meeting at B are reciprocally proportional 
to the two sides of BEFG meeting at B. 



Art. 164. PROPOSITION XLVIII. (ii). (Euc. VI. 14, 2nd Part.) 

Enunciation. Parallelograms having one angle of the one equal to one 
angle of the other, avid the sides about the equal angles reciprocally proportional 
are equal in area. 

With the same figure aa that in the first part of the proposition, let the 
parallelograms ABOD, BEFG have 

A^0=E^6, o c H 

and AB:BE = BG: BG. \_ 

It is required to prove that ABGD = BEFG. ^ 

AB:BE = ABOD : BEHO [Prop. 17. 

and BG:BO = BEFG : BEHG. [Prop. 17. 

.-. ABGD : BEHG^ BEFG : BEHG. ^^s- ^^s- 

.-. ABGD = BEFG. [Prop. 21. 



Art. 165. NOTE. 

The proof of the second part of Proposition 48 is obtained by writing the 
sps of the proof of the first part in reverse order. 
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Art. 166. PROPOSITION XLIX. (Euc. VI. 15.) 

Enunciation (i). Two triangles having equal areas and having one angle of 
the one equal to one angle of the other have their sides about the equal angles 
reciprocally proportional. 

(ii) Two triangles which have one angle in the one equal to one angle in 
the other and the sides about the equal amgles reciprocally 
proportional are equ^il in area. 

These propositions may be deduced from Proposition 48, 

For the parallelograms ABGD, BEFG, BEHC are the 
doubles of the tiiangles ABG, BEG, BEG respectively ; and 
it is merely necessary to repeat the proofs of Prop. i8, sub- 
stituting for ea«h parallelogram the tnangle which is its 
half. "'*='■ '"■■'■ 

Art. 167. EXAMPLES. 

73. Triangles which have one angle in the one supplementary to one angle in the 
other and their eidea about the supplementary angles reciprocally proportional are equal 

74. Triangles having equal areas and having one angle of the one supplementary 
to one angle of the othef, have their sides about the supplementary angles reciprocally 
proportional. 

75. If P be any point on the side AC of the triangle ABG, and if PQ be drawn 
parallel to BG to cut AB at Q, then if a straight line through F cut BA produced 
through A ail R and BG at S so as to make the triangles ABO, BRS equal, prove that 
QR will be a third proportional to QA and QB. 

76. The triangles ABC, DEF are similar, and on DE the side corresponding to 
AB a point K is taken ao that DE is a third proportional to DE and AB, prove that 
the triangles ABC, DEE are equal in area. 

(This is the proposition on which Euclid's proof that similar triangles are to one 
another in the duplicate ratio of corresponding sides is based.) 

77. If a straight line DE be drawn parallel to the base BG of the triangle ABC 
cutting AB at D and AG at E, and if AE be drawn perpendicular to DE, prove that the 
rectangle AF, BC is double of the triangle AEB. 
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SECTION IX. 

MISCELLANEOUS GEOMETRICAL PEOPOSITIONS, Props. 50-55. 



Art. 168. PROPOSITION L. 

Enunciation. If the vertical angle of a triangle he bisected by a, straight 
line which also cvis the base, the rectangle contained by the sides of the triangle 
is equal to the rectangle contained by the segments of the base together ivitk the 
square on the straight line which bisects the angle. 

Let ABC be the triangle. 

Bisect BAG by AS cutting the base BG at D. 

It is required to prove that 
rect. AB.AG = ve(it. BD . BG -\- squaxe on AD. 

Describe a circle round the triangle ABG, and 
let AD cut the circle at E. 

Join GE. 

In the triangles ABD. AEG 

bad^eXg 

ABD = A^G, 
.-. Al>B = AtfE. 
Hence the triangles are similar. 

.-. BD : EO ^ DA : GA =^ AB : AE. 
From the second and third ratios 

rect. AB. AC --met AD.AE 

= square on AD + rect. AD . DE 
= square on .4.0 + rect. BD.DC. 



! they stand on the 




[Prop. 26, 



[Prop. 38. 
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Art. 169. PROPOSITION LI. 

Encnciation. If from, any vertex of a triangle a perpendicular be drawn to 
the opposite side, the diameter of the circle circumscribing the triangle is a fowth 
proportional to the perpendicular and the sides of the triangle which meet at that 
vertex. 

Let ABO be a triangle. 

Let BB be perpendicular to AC. 

Let a circle be circumscribed about ABC. 

Let BE be the diameter through B. 

Join GE. 





In the triangles ABB, EBC 

BEC^BAB, for they stand on the same arc BO. 
BCE=BbA, for each is a right angle, 
.-. G§E = A§J}. 
Hence by Prop. 26 the triangles are similar. 

.-. DB:OB=^BA:BE = AD:EG. 
From the equality of the first and second ratios it follows that the diameter 
BE ia a fourth proportional to the perpendicular BD and the sides BC, BA. 



Art. 170. EXAMPLE 78. 

If D is any point on the side BC of a triangle ABC, then the diameters of the circles 
■ibing the triangles ABJ) and ACD are proportional to the aides AB, AC. 
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Art. 171. PROPOSITION LII. (Euc. VI. 30.) 

Enusciatiok. To divide internally or eccternaUy a finite straight line in 
extreme and mean ratio; i.e. so that the whole line is to one segment aa that 
segment is to the other segment. 

Let AB be the straight line, it is required to find a point G on it so that 

AB : AG -^ AG ■ CB. 
On AB describe the square ABDE. 
Bisect AE at F. 
Join FB. 



0' A 



Fig. 139. 

On EFA measure FG^FG'^FB. 
On AG describe the square ACHG. 
On AG' describe the square AG'H'Q'. 
The points C, G' fall on AB, and are the required points. 
It is proved in Prop. 11 of the Second Book of Euclid that 
the square on AG = vecit. AB.BG. 

.-. AB:AG=AG: BC. [Cor. to Prop, 38. 

To prove the same property for the point 0'. 
Since AE is bisected at F and produced to G', 

.-. square on ,FG' = square on i^-i + rect. EG'. AG'. 

.-. square on FB = square on i^^+rect. EG'H'K'. 



y Google 



173] EUCLID, BOOKS V. AND VI. 103 

.■. square on i'"'^ + square on j1j5 = square on .^A+rect. BG'H'K'. 

.-. square on AB = rect. EG'H'K'. 

.: AEDB = EG'H'K'. 

.-. AEBB + ABK-C = EG'H'K' + AEKV. 

.-. BDK'G' ^AG'H'Q'. 

.'. rcct. B^ . BO' = square on AC. 

.-. AB : AG' = AG' : G'B. [Cor. to Prop. 38. 

Art. 172. EXAMPLE 79. 
If ABG be a triangle right-angled at A, and AD be drawn perpendicular to the 
hypotenuse cutting it at D, and if D divide BG in extreme and mean ratio, then prove 
that the sides of the triangle ABC are in proportion. 



Art. 173. PROPOSITION LIIl (Buc. VI. 24.) 

Enunciation. Parallelograms about the diagonal of any paralleloffram are 
similar to the whole and to one another. 
Let ABGD be a parallelogram. 

Let AEFH, FKGG be parallelograms about the diagonal AG of the 
parallelogram ABGD. 

It is required to prove that they are 
similar to ABGD aud to one another. 

Since EF is parallel to BG, 
the triangles AEF, ABG are similar. 

[Cor. to Prop. 26. 
.-. AE:AB^EF:BG = FA:GA. 
Since FR is parallel to CD, 
the triangles AFH, AGD are similar. 

[Cor. to Prop, 26. '^' 

.■, FA:GA^AH:AD = HF:DG. 
Hence AE : AB ^ EF : BG = FN : GD = HA : DA. [Prop. 10. 

Further HAE = DAB, 

aef=aMc, 

EFH^BdD, 
FHA = GDA. 
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Hence the two sets of conditions for the similarity of AEFH, ABCD are 
satisfied (Art. 91). 

In like manner FKCQ is similar to ABOD. 

.-. AEFH, FKCG are similar. [Prop. 25. 



Art. 174. PROPOSITION LIV, (Ehc. VI. 26.) 

Enunciation. If two similar parallelograms have a common angle and he 
similarly situated they are about the same diagonal. 

Let ABCD, AEFH be two similar parallelograms having the same angle A. 
Let them be similarly situated, and let AB, 
AE be corresponding sides. 

It is required to prove that the diagonals 
AG, AF coincide in direction. 




Since the parallelograms are similar 
A^G^A&F, 
ABiAE^BG lEF. 
.-. AB-.BO^ AE ■ EF. [Prop. 22. ^^ i^*- 

Hence the triangles ABO, AEF are similar. [Prop. 2S. 

In these triangles BO, EF are corresponding sides. 
Hence the angles opposite them are equal. 
.-. BAC^EAF. 
Hence AO coincides in direction with AF. 
Hence the parallelograms ABOD, AEFH are about the same diagonal. 

Art. 175. EXAMPLE 80. 

Let the straight line AH be produced through A to P and through .S to 6, so that 
AP is equal to BQ. On £Q, BF let similar parallelograms be similarly described, 
viz. BQUS and BPTU. Prove that the parallelogram whose adjacent sides are QA, QB 
is equal to that whoso adjacent sides are PA, PT. 



y Google 



176] 



EUCLID, BOOKS V. AND VI. 




Kg. 1B5. 



Art. 176. PROPOSITION LV. (Euc. VI. 27, 28, 29.) 

Enunciation. If OAB be a given tfiangle it is required to find a point P 
on AB or AB produced so that if PQ be drawn parallel to OB to cut OA 
in Q, and if Pit be drawn parallel to OA to cut OB in B, then the parallelogram 
PQOR may have a given area. 

There are two kinds of eases. 

Case I. Suppose the point P to have been found and to lie between A 
and F, the middle point of AB. 

Let E be the middle point of OA. 

Complete the parallelogram EAVF. 

Let QP cut FY in T. 

Let PR cut EF in 8 and ^F in U. 

Then OQPR = 0E8R + EQPS 
= EAUS + PUVr 
= EAVF~SPTF 
= AOAF~SPTF. 

Hence if P be between A and F the area OQPR is less than the triangle 
OAF. (This is equivalent to the result of Euc. VL 27.) 

Hence SPTF= AOAF-OQPR 

= Kgiven triangle OAB) — (a. given area). 

Hence the parallelogram SPTF has a known area. 

It is also known to be similar to the known parallelogram EAVF. 

Heuce it can be constructed by Prop. 47, and if it be placed so that the 
side corresponding to FY falls along FY, and the side corresponding to FE 
falls along FE, then its diagonal will fall on FA by Prop. 54. 

Hence the position of P is known. 

(This is equivalent to the result of Euc. VL 28.) 

In order that the construction for P may be pos.sible it is necessary that 
the given area should not exceed half the given triangle OAB. 

The above construction applies only to the case whore P lies between A 
and F, the middle point of AB. 

H. E. 14 
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If P be one position of the required point, let a point P' be taken on FB 
so that PF=F'F, and let Q', R', 8', T' be the points corresponding to Q, It, S, T. 
Then the parallelograms SPTF, S'P'T'F are equal. 
Hence the parallelograms OQPR, OQ'P'R' are equal. 
Hence P' is another position of the required point. 

Case II. Let P be on BA produced through A, and let the same construction 
be made. 




Fig. 136. 

Then OQPR = OESR -¥ EQPS 

= EAUS+PUVT 

= SPTF - EAVF 

= SPTF - AOAF. 

.-. SPTF^AOAF+OQPR 

= 2 (given triangle OAB) + {ix given area). 
Hence the parallelugrara SPTF has a known area. 
It is also known bo be similar to the known parallelogram EAVF. 
Hence it can be constructed by Prop. 47, and if it be placed so that the 
side corresponding to FV falls along FV, and the side corresponding to FE 
falls along FE, then its diagonal will fall along FA by Prop. 54. 
Hence the position of P is known. 
(This is equivalent to the result of Euc. VI. 29.) 

In this case the construction is always possible for all magnitudes of the 
given area. 
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If P be one position of the required point, and a point P' be taken on 
FB produced through B so that P'F=PF, then it may be shown that P' is 
another position of the required point. 

It results from Cases I and II that if the given area bo less than half the 
given triangle OAB there are four solutions of the problem, viz. P may be 
between A and F or between F and B, or on BA produced through A, or on 
AB produced through B. 

If the given area be equal to half the triangle OAB there are three solutions, 
viz. P may be at F, or on BA produced through A, or on AB produced through B. 

If the given area be greater than half the triangle OAB there are two 
solutions, viz. P may be on BA produced through A, or on AS produced 
through B. 
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SECTION X. 

THE REJIAIKING IMPORTANT PEOPOSmONS IN THE THEORY OF SCALES 
AND OF RATIOS, WITH GEOMETRICAL APPLICATIONS. Props. 56-63. 



Art. 177. PROPOSITION LVI.* {Euc. V. 23.) 

Enunciation 1. 

It A, B, C are three magnitudes of the same kind, 
if T, IT, V arc three magnitudes of the same kind, 

if A:B=U:V, 

and B:C = T:U. 

prove that A : G =^ T : V. 

Enunciation 2. 

If A, B, G are three magnitudes of the same kind, 
if T, U, V are three magnitudes of the same kind, 

if [A. si^ in, ri 

if [B, C] = [T, £f], 

prm that [^, C] = [!', F]. 

As in Props. 22 and 35 it is best to make use of the second form of the 
conditions in Prop. 8 and it is necessary to show that 

(1) If rA < bO, then rT < bV, 

(2) If rA > bO, then rT > «F. 

(3) If tT < bY, then rA < bC, 

(4) It rT>sr, then rA > bO. 
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tA < sO, 



then integeiT! n, i exist such that 

nrA < tB, 
and tB < mC. 

-.■ nrA < tB 
the scale of A, B shows the fact exhibited in Fig. 137. 
Est \A,B]=[U,r]. 

Hence the scale of (J, V shows the fact exhibited in 

.■. nrU<tV 

Again ■ . ■ tB<nsC, 

the scale of B, shows the fact exhibited in Fig. 139. 



Fig. 138. 



[Prop. 7. 



.(I). 



Fig. 137. Fig. 138. Fig. 139. Fig. 140. 

But [B, C] = \T, U]. 

Hence the scale of T, U shows the fact exhibited in Fig. 140. 

.-. tT<mU. (n)«. 

From (I) snrU< stV. 

From (II) rtT<msU. 

Now isiirU=rnsU. 

.-. rtT<atr. 

.-. rT<sr. 

.-. ifrA<sC, then)-r<s7 (HI). 

In like manner if r^>.C, then rT>sr (IT), 

it rT<sr, then rA < sO (V), 

if r2'>»F, then tA>sO (VI). 

From (III), (IV). (V), (VI) it follows by Prop. 8 that 

[^,C]=[T, F]. 

* The result required is an algebraic CDtisequence of tho ineqaalitiea (I] and (II), and is obtaiiiec 
so transforming them that the ranltiplee of U beoome the same in ea^h. 
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Art. 178. NOTE. 

The proof of (IV) follows from that of (III) by reversing all the signs of 
inequality, and making the corresponding changes in the figures. 

To get (V), if rT<sV, then integers n, t exist by Prop. 1 such that 
nrT<tU 
and tU<nsV. 

Now proceed as in the proof of (III). 

Oi' else observe that the given conditions 

and [B. C] = [T, V] , 

are equivalent to [V, U] — [B, A] 

[U, T]^[G, B]. 
Hence they are obtainable from the original conditions by interchanging 

A and F, B and U, C and T. 
Making these changes in (III) and also interchanging r and s, which is 
permissible since r and s are any integers, it will be found that (VI) results; 
in like manner (IV) gives (V). 

Art. 179. EXAMPLES. 

81. Using the symbol -)f as an abbreviation for tlie words "compounded with," 
prove that 

(!) (A ■.B)^{0:D) = (G:D)^{A:B). 

(ii) [{A ■.B)^{G: D)] *(E:F) 

= (A:£)^[{0:l))^(S:ir)l 

82. Prove tliat {A : B) ^ [(JS : A) * (0 : D)]--^C : D. 

Hence show how to find the ratio whieh must be compounded with A : B to give 
the ratio G : D. 

83. Prove that [{A : B) ^ (0 : D)] -)f {D ■.C) = (A: B). 

84. If E :G ^A:P 

E : D=.B :Q, 
prove that (A : B)^ (G : D} = {F : Q). 
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85. What is tbe result of eompounding any ratio with a ratio of equality 1 
What is the result of compounding a ratio of equality with any ratio ? 

86. If a ratio be compounded with its reoipfocal show that the result is a ratio 
of equality, 

87. If A, B, C, D be magnitudes all of the same land, prove that 

A : B compounded with C : D 
gives the same result as 

A : D compounded with G : B. 

88. Prove that A : B compounded with G : D gives L : B where D : C = A ■ L. 

89. If A, B, C, D are all magnitudes of the same kind, and 

D : A compounded with D ; B 
is e(;[nal to B : G, find the relation between A, B, G, D. 

If A, B, C, Z* are all magnitudes of the same kind, and ii A ; D compounded 
with B : D give C : D, find the relation between A, B, C, D. 

90. (i) What ratio must be compounded with A : C to give B : CI 
(ii) What ratio must be compounded with C ; j1 to give G : B1 

91. If the duplicate ratio of A : B be equal to the duplicate ratio of G : D, 
then prove that A -.B^C-.D. 

92. (i) Prove the theorem of Meuelaus ; viz. if a sti'aight line A'B'G' cut the sides 
of the triangle ABC, viz. BC in A', CA in B', AB ia G' ; then the ratio compounded 
of the ratios 

BA' :A'G, CB' ■ BA, AC : C'B 
is a ratio of equality. 

(ii) Prove the converse of the theorem of Menelaus ; if the sides of the triangle 
A'B'G' be divided, BG in A', GA in B', AB in C, so that two of the points of division 
are internal and one external, or else all three are external ; and if further the ratio 
compounded of 

BA' : A'C, GB' : B'A, AG' : G'B 
is a ratio of equality, then the points A', B', C He on one straight line. 

93. Prove that the six centres of similitude* of three circles lie three by three 
on four straight lines (called the axes of similitude of the circles), 

[Apply the last example, taking A, B, C at the centres of the circles.] 

94. (i) Prove the theorem of Ceva, viz. : 

If be a point in the plane of tlie triangle ABG, if AO out BG at A', if 
* See Es. 40. 
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BO cut CA at B', if CO cut AB at C", then the ratio compounded of BA' : A'G, 
GE : B'A, AC : C'B ia a ratio oi equality. 

(ii) Prove the converse of the theorem of Ceva, viz. : 

If the sides of the triangle ABG be divided, BG at A', CA at B\ AB at C", so 
that two of the points of division are external and one internal, or else all three 
are internal, and if further the ratio compounded of BA' : A'C, CB' : B'A, AC' : G'B 
is a ratio of equality, then the three straight lines AA', EF, CC' are concurrent. 



Art. 180. I)c/. 27. CROSS OE ANHARMONIC RATIO. 

It A, B, G, D be four points on a straight line, they determine six 
segments on that line. 

Take any one of these six segments, say BD, 

Then A divides it in the ratio AB -. AD; and G divides it in the ratio 
GB ■ CD. 

Then the ratio which must he compounded with either of these ratios 
to produce the other is a value of the cross or anhamionic ratio of the 
four points*. 



Art. 181. EXAMPLES. 

95. If A, B, G, D be four points on a straight line, and any point not on 
that straight line, and if through B a straight line be drawn parallel to OD to cut 
OA at E and 00 at F, then prove that 

{GB : CD) ^ {BE : BF) = {AB : AD). 

96. By means of the preceding example prove that if four fixed straight lines 
passing through a point be cut by any fifth straight line, then the cross-ratio of the 
four points of intersection is independent of the position of the fifth straight line. 

97. If ^1, B„ Ci be any three points on a straight line; and A^, B^, C, any three 
points on another straight line, show how to determine points D,, D^ on the two straight 
lines so that the cross-ratio of ^„ 5i, C-,, D^ shall be equal to that of A^, 5^, G^, D,. 
[On the straight line AjA^ take any two points 0,, 0^. Let O^B^, O^B^ meet at B ; 
let OiOi, 0^0, meet at ; then show that the points D^, D.-^ are such that O^D^, O^A 
intersect on BG^ 

Th 1 tn t n ffi nt f 1 g th p bl set n tl book It n t however 

a mpl i aathgnttlegnth t been p fi 1 Wh th sig specified, 
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98. If AUG be a triangle, if B be the middle point of BC, if any straight line 
through I) cut AB at JS, AC at F, and a parallel through A to BG at ff, then 
find the value of the cross-ratio of £, D, F, ff. 

99. If A, B, C, D bo four fixed points on a circle, and P, Q any two other points 
on the same circle, prove that the cross-ratio of the four straight lines FA, PB, PC, PD 
is equal to that of the four straight lines QA, QB, QC, QB ; and also to that of the four 
points in which the tangent at 7* to the circle is cut by the tangents at A, B, G, D. 

100. Let the points P, F on the straight line OX be said to correspond when 
the rectangle OP . OF is equal to a given rectangle. Then prove that the cross-ratio 
of any four points is equal to the cross-ratio of their corresponding points. 

101- If from any point two tangents be drawn to a circle, the points of contact 
and the points of intersection of any secant from the same point are such that 
the straight lines joining them to any fifth point on the circle form a harmonic 
pencil. 

102. (i) Through any point a tangent OU and a secant ORS are drawn to a 
circle; OFQ is another secant passing through the centre of the circle {P, Q being 
the extremities of a diameter). Show that if QR, QU, QS cut the tangent at F 
at R', U', S' respectively, then 

PR' : FU' = PU' : FS'. 
(ii) If the point be inside the circle, and U be taken as the cstremity of the 
shortest chord through 0, and the rest of the construction be as above, show that 
FB' ; PU' = FV : PS\ 



Art. 182. PROPOSITION LVII. (Euc. V, 18.) 

Enunciation 1. If two ratios are equal, the ratio of the sum of the ante- 
cedent and consequent of the first ratio to the consequent of the first I'atio is 
equal to the ratio of the sum of the antecedent and consequent of the second 
ratio to the consequent of the second ratio ; 
i,e, if A:B = X:Y, 

to prove that A + B ■.B = X +Y : Y. 

Enunotation 2, If the scale of A, B is the same as that of X, Y, 
to prove that the scale of A ■{• B, B is the same as that o/ X 4- F, Y. 

i.e.if [^S] = [X, n 

to prove that \_A + 5, 5] = [X -f F, F]. 

H. E. 15 
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Take any integer r in the first column, 
and any integer s in the second column, 

of the scale of J. + S, B. 

Then there are three alternatives indicated by the figures 





s 






A+B 


B 



Fig. 141. 
which express the facts 

There are tkvee alternatives 

i-<s, r=s, j->s. 
\ir<s it can be written 



t{A-\-B) = sB 
Thia is impossible uiilesi 



Hence it can he written 
tA={s-t)B. 



t{A+B)<sB 
This is impossible unless 

Hence it can bo written 
rA<(_B-f)B. 



Hence in the scale of A, B there are the figures 



A B 



Fig. 144. Fig. 145. 

Now \A, S] ^ \X, Y\ 

Hence there are the following figures 



X Y 



X V 



r 

X Y 
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These figures indicate the facts 



rX>(s-r)Y 

.-. r{X+Y)>sY 

There remains in this ( 
the consideration of the a. 



rX^(s~r)Y 
r(X-vY) = sY 



rX<(s-r)Y. 
r{X+Y)<sY. 



n which. 

Hence in both casea 
is before. 



Hence there are the three figures 











X+Y 


Y 



X + Y I Y 





i 


r 




X+Y 


Y 



Comparing Figures 150, 151, 132 with Figures 141, 142, 143 respectively 
it follows that 

[A+BJi]^[X+Y,Y]. 



Art. 183. EXAMPLES. 

103. If ABO be a, triangle righ tangled at C, and if AB bisect the angle 71AC 
cutting BC at D, prove that 

AG -.Cn-^AO + AB : BG. 
(By means of this proposition Archimedes showed that the leiigtii of the cirourn- 
Eerence of a circle was less than 3| times its diameter.) 

104. If ABC be a triangle right-angled at C, if AD bisect the angle BAG and cut 
BG at D, and if BE be drawn perpendicular to JO cutting it at E, prove that 

AE : SB ^ AC + AB : BC. 
(By mean.s of this proposition Archimedes showed that the length of tho 



feroi 



! of a circle was greater than 3^^ times its diameter.) 



15—2 
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Art. 184. PROPOSITION LVIII. (Euc. V. 17.) 

Enunciation 1. If two ratios are equal, then the ratio of the difference of 
the antecedent and consequent of the first ratio to the consequent of the first 
ratio is equal to the ratio of the difference of the antecedent and consequent 
of the second ratio to the consequent of the second ratio; 
i.e. if A ■B='X :¥, 



then 



- B:B = X~ Y: Y. 



Enunciation 2, // [A, B] = [X, 7], 

then {A ~B,B]'^ [X - Y, F]. 

It is necessary to consider separately the cases 
A>B, 
A^B, 
A<B. 
If A > B, and therefore X > Y, then it is required to prove that 

[A - fi, B] = [X - Y. Y]. 
Take any integer r in the first column, 
and any integer s in the second column, 

of the scale oi A — B, B, 

There are throe alternatives corresponding to the figures 



A-B B 



which express the facts 






r{A-B}>sB 


r(A^n).sB 


r(A-B)<sB 


rA>{r + !,)B 


rA-(r + s)B 


rA<ir + s)B 
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to which correspond the figures 



A S 



Now 

Hence there are the figures 



Pig. 157. 



X Y 



X Y 



which correspond respectively to 

rX>(^r + s)Y rX^{r + 3)Y 



r{X~Y)>sY 
Hence there are the I 



r{X- Y) = sY 



X-Y Y 



X-Y Y 



X Y 



I'ig. 161. 

rX < (r + s) r 
r{Z-7)<sF. 



X-Y V 



Comparing therefore Figs. 153, 154, 1.^5 with Figs, 162, 163, 164 reapectiveiy 
it follows that 

[A -B,B]=^IX- r, F]. 
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l( A=B, then X = Y. 

Hence the difference of A and B, and the difference of X and Y, are both zero. 

Hence the first term of each of the scales 

[A ~ B, B] and [X ~ Y, Y] 
is zero, and the scales may be considered to be the same. 

li A < B, and therefore X < Y, then it is required to show that 

IB-A,B]^[Y-X, 7]. 
This may be proved independently as in the first case, or may be deduced 
from it. 

For if [A, B] ^ [X, 7], 

then [B, A]^ [Y, X]. [Prop, 19. 

.-. [5-^,^]= [7-Z, X], by Case 1. 
But [A.B]=[X.Yl 

.-. [B-A,B]'^[Y-X,Yl [Prop. 35. 



Art. 185. EXAMPLES. 

105. Prove the last case oi Proposition 58 directly i 
adopted for the first case. 

106. Ji A : B = X : Y, And A>B, prove that 

A : A-B=^Z -.X-Y. 

107. li A : £ = B -.C, a.nd A>B, prove that 

A-C ■.A-Il = £+C -.B. 



i manner similar to that 



Art. 186. PROPOSITION LIX. 



Enunciation. 


V 


A -.B.X-.T, 




prove that 




A-BLA+B = X-r:X+V. 




If 




A:B.X:Y, 




thm 




A+B.B-X+Y-.Y. 


[Prop. 57. 






.: B lA + B-Y-.X+T. 


[Prop. 19. 


Aho 




A-B-.M-X-Y-.Y. 


[Prop. .58. 






A-B:A+B~X-Y:X+Y. 


[Prop. 33. 
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Art. 187. PROPOSITION LX. 



Enunciation. If A, 
conjugate, and if he the 
between OB and OB. 



B, G, D be four harmonic points, A and being 
middle point of AG, then. OG is a mean proportional 



Fig. 165. 



Since A divides BD in the same ratio as G docs, 
AB : AD ^ BG : CD. 
.-. AB : BG = AD : CD. 

.-. AB-BC:AB + BC = AD~GD:AD + GD. 
.■. 20B ; 200=200:202). 
.■. 0B:0C = OG:0D. 
.■- OG is a mean proportional between OB and OD. 



[Prop. 22, 
[Prop. 59. 



[Prop. < 



Art. 188. EXAMPLES. 

108. Prove that if a circle be drawn through two points which are inverse with 
regard to a second circle, then the two circles cat each other at right angles. 

109. If A, B, G, T) be four harmonic points, and if be the middle point o£ AG, 
show that a circle can be di'awn with centre ao as to cut at right angles any 
circle that can be drawn through B and D in the plane of the circle whose centre ia 0. 

110. If the diagonals AG, BD of the quadrilateral ABCD intersect at E and a 
straight line EQ be drawn parallel to one of the sides AB meeting the opposite aide 
CD in G and the third diagonal (i.e. the straight line joining H the intersection of 
AB and CD to / the intersection lA AD and BC) in /, then EJ is bisected at G. 

[If EG cut AD in K and BG in L, prove that 

AB : BH^ KL : LJ^EL : LG^KE : EG.] 



Hei 



3 by the aid of Ex. 53 show that HA, HE, HC, HI are four harmonic lines. 
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Art. 


189. 


PROPOSITION LXI. (Eue. V. 24. 


Enunciation 1. 


If 


A:0-X:Z, 


and 






B-.a-Y-.z. 


prove that 






A + B:O.X+r:Z. 


Enunciation 2. 


V 


IA,0] = [X.ZI 


and 






[S,C]=[F,Z], 


prove that 






[il+j5, C] = [X+F,Z]. 


Since 






IB,0] = [V,ZI 
.: [C,i)] = [Z, F], 


but 






[4,C] = [Z,Z]. 
.■. [A,B]^[X,n 
■. IA+B,B]=IX+T, F], 


but 






[A C] = [F, ^]. 



[Prop. 19. 

[Prop. 35. 
[Prop. 57. 

[Prop. 35. 

Art. 190. On this proposition depends the process, called in this book the 
Aggregating of Ratios, which corresponds to the addition of the measures of 
the ratios. 

Art. 191. THE AGGREGATING OF RATIOS. 

The development of this process is made in four stages. 

Stage 1. The general idea at the root of the process of aggregating I'atios 
is this :— 

When it is desired to find the ratio of one magnitude to a second, it is 
permissible to break up the Urst magnitude into two parts, then to find the 
ratio of each part to the second magnitude, and then to add the two ratios 
thus found. 

(It should be carefully noticed that it is the first magnitude, not the second, 
which may be broken up.) 

Stage 2. To make the general idea slated in the first stage quite precise 
the following definition is necessary. 

Let the ratio X +¥ : Z be said to be aggregated from the ratios X : Z 
and Y : Z. It is known when the magnitudes X, Y, Z are known. 

(This may be compared with Euclid's 22nd Datum.) 
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Let the symbol '^ placed between two ratios denote that, they are to he 



Then X+Y:Z = (X:Z)^(Y:Z). 

Stage 3. In the second stage the two ratios which are aggregated both 
have the same second term, and therefore do not at first sight appear to be 
entirely independent. 

It is necessary therefore to explain what is meant by aggregating any two 
ratios, i.e. two ratios whose terms are all independent. 

Def. 28. THE PROCESS OF AGGREGATING RATIOS. 
Let the ratios to be aggregated he A : B and G : D. 
Take any arbitrary magnitude Z. 
-Then find* two others X and Y such that 
A:B = X:Z, 
a:D=T:Z. 
Then {A:B)^{G: D) 

= {X:Z)^{Y:Z) 
^X+Y:Z. 

Stage 4. The form of the resulting ratio found in the third stage depends 
on the value of the arbitrary magnitude Z. If the process is to be of any 
use it is necessary to show that the value of the resulting ratio does not 
depend on the value of Z. 

This wilt be accomplished when it is shown that if any other magnitude 
be taken, say Z', instead of Z, and the process repeated, then the value of 
the resulting ratio is unaltered. 

Let therefore X', Y' be found so that 

A:B = X' :Z\ 

G:D=Y' :Z'. 

Then {A:B)^(0: D) 

= iX':Z')^(Y':Z') 

= X' + F' : Z'. 

Since A:S = X : Z. 

and A:B = X-:Z\ 

.-. X -.Z^X'-.Z'. [Prop. 10. 



B the FuDiSameDtai Pcoposil 



■1 the Theory of Sealea. 
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Since G:D^Y : Z, 

and 0:D=Y':Z', 

.: Y-.Z^y -Z'. [Prop. 10. 

Since X :Z = X' '.Z', 

and Y:Z^Y' : Z', 

.: X+Y:Z = X'+Y' -.Z'. [Prop. 61. 

i.e. the value of the resulting ratio is unaltered. 
This is the justification of the process, and shows that it always leads to 



Art. 192. EXAMPLES. 

111. If the measure <it A : B he p, 
and if the measure of C : I) be a; 

prove that {A : B) ^{G : 2)) = p + a : I. 

Hence show that the measure of the ratio aggregated from two ratios is the 
sum of the measures of those ratios. 

112, (i) Prove that 

(A ■.B)^{C:D) = {C:D)'^{A:B). 
(ii) Prove that {{A : £) - (C : B)] ^{E:F) 
= {A:B)-[iC:B)^{S:F)]. 

Art. 193. ARITHMETICAL APPLICATION OP THE PROCESS OF 
AGGREGATING RATIOS. 

If r, s, u, V are integers, prove that 

{r : s) " (m ; «) = {vr + us : vs). 

This corresponds to the Arithmetical Theorem - + - = — — — . 
Now r : s^vr -.vs [Prop. 9, 

and u : V = lis : vs. [Prop. 9. 

.-. {r:s)^(u:v) 
= (vr : vs) " (ms : vs) 
= V7' + us : vs. 
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Art. 194. EXAMPLE 113. 
i thiit [(A :B)r^{G : D)\ ^ {E : F) 

- {{A ■.B)^{M: F)-\ " [((7 ■.D)^{E-. F)]. 



Art. 195. PROPOSITION LXII. (Euc. V. 4.) 

Enunciation 1. If two ratios are equal, and if equimultiples of the ante- 
cedents and equimultiples of the consequents be taken, then the multiple of the 
iirst antecedent has to that of its consequent the same ratio as the multiple of 
the second antecedent has to that of its consequent ; 
i.e. if A:B^X:Y, 

to prove that rA:sB — rX : sY. 

Enunciation 2. If the scale of A, B is the same as that of X, Y; 
then the scale of rA, sB is the same as that of rX, sY. 

ie. if [A. B] - [X, 7], 

then [rA, sB] ^ \rX, sT\. 

Take any integer p in the first column, 
and any integer q in the second colunin, 

of the scale of rA, sB. 

There are three alternatives 



Fig. 166. 

which express the facts 

p{rA)>q{,B) 
i.e. prA > qsB 







p 


? 






rA 


sB 



p(rA).q(sB) 
prA = qsB 



p{rA)<q(.,B) 
prA < qsB. 



y Google 



124 EUCLID, BOOKS V. AND VI. 

These con-espond to the figures 



{196 



Now [A, B] - [X, V]. 

Hence there are the figures 



pr 






qs 


X 









pr 


qa 






X 


Y 



Fig. 172. Fig. 173. 

These express the facts 

prX > qsY prX = qsY 

:. p{rX)>i{.Y) i,{rX).q{,Y) 

Hence there are the figures 



p 






? 


rX 


.V 







p 


1 






r\ 


ai 





qs 


pr 




"" 


Y 



prX <qsY 
p(rX)<q(sY). 



__9 

P 



y Google 



19S] EUCLID, BOOKS V. AND VI. 125 

Comparing the Figures 166, 167, 168 with the Figures 175, 176, 177 re- 
spectively, it follows that 

[tA.sS]^ [rX,s7]. 

Art. 196. EXAMPLE 111 

of Proposition 62, viz. 

[rA,sB]=[rX, sF], 



Art. 197. PROPOSITION LXIII. 

Endnciation, If K, L, M, P be four straight lines in proportion, if the 
lengths of L and M he fixed, if the length of K can be made smaller than that 
of amy line however small, to show that the length of P can be made greater 
than that of any lime Q, however great Q may he. 

By the Axiom of Art. 23, it is always possible to find an integer r such that 

rM>Q. 
Now divide L into r equal parts, and take K smaller than one of these 
equal parts. 

Then rK < L. 

Now K:L = M:P. 

.-. rE:L = rM:P. [Prop, 62. 

Now rK< L. 

.-. rM<P. [Art. 68. 

But Q < rM. 

.: Q<P. 

Art. 198. EXAMPLE US. 

If K, L, M, P be four straight lines in proportion, if tlie lengths of i, iy be 
fixed, and if the length of K can be made greater than that of any line however 
great, show that the length of P can be made smaller than that of any line Q 
however small. 
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SECTION XI. 

OTHER PROPOSITIONS IN THE THEORY OF SCALES AND OF RATIO. 
Props. 64, fio. 

Art. 199. PROPOSITION LXIV. (Euc. V. 19.) 

EkunciatiOS 1. If A, B, C, D arc magnitudes of the same kind, and 
A:B=C:D, 
f-rove that A ~ G ■ B ~ B = A : B. 

Enunciation 2. // A, B, 0, D are magnitudes of the same kind, and 
IA.B] = IC,DI 
arove that [A - C, B - I)] = [A, B]. 

IA,B]=[C.BI 
.: [A,0]=[B,D]. [Prop. 22. 

, ■. [A -C,C] = [B-D, D]. [Prop. 58. 

.■. [A -C.B- D] = [C, D]. [Prop. 22. 

.'. [A-C,B~D]=[A, Bl [Prop. 10. 

Art. 200. EXAMPLE 116. 

If X, A, S, A' are four harmonic points, A and A' iieing oonjugato, and if C 
ie tile miiidle point of AA', prave tliat 

SA : AX=CS ■.CA = CA: CX. 
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Art. 201. PROPOSITION LXV. (Euc. V. 25.) 

Enunciation 1. If four magnitudes of the same kind are proportional, then 
the greatest and least of them together are greater than the sum of the other two. 

Enunciation 2. If A, B, G, D are four magnitudes of the same kind, and 
if [^.i!]=[0,D], 

then th,e sum of the greatest and least is greater than the swm. of the other two. 
Suppose A the greatest. 
Then A>B. 

.: C>D. [Art. 68. 

Again ■.■ [A,B]^[C,Dl 

.-. [A,C]^[B,D]. [Prop. 22. 

Now A>G. 

.-. B>D. [Art. 68. 

Hence D is the least of the four magnitudes. 
Hence it is required to prove that 

A+D>B + G. 
Since [A.B-]=^\_G,D\ 

.-. [A-B,B]^[C-D,J)l [Prop. 58. 

.■, IA~B,G-D] = [B, B]. [Prop. 22. 

Now B>D. 

.: A-B>G-D. [Art. 68. 

.-. A+B>B+C. 



Art. 202. EXAMPLE 117. 

If three quantities be in proportion, show that the ; 
exceed double the mean. 



of the extrernes will 
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NOTES. 

Art. 203. NOTE 1. On Props. 1—5, 6, 9, 11. 

Props. 1—5 relate to certain simple cases of the application of the Com- 
mutative, Associative aiid Distributive Laws, with which the readei' who has 
commenced elementary Algebra is already familiar. 

Prop. I. r(A+B)^rA+rB. 

Treating A + B aa the multiplicand, 
and r as the multiplier, 

it is seen that the nmltiplicand is divided (or distributed) into its parts A, B. 

Prop. 11. {a + b)R = a.R + hR. 

Treating a,-\-h as tho multiplier, 
and fi as the multiplicand, 

it is seen that the multiplier is distributed into its parts a, b. 

Prop. III. If A>B, 

r{A-B) = rA- rB. , 

Here the multiplicand A — B is distributed into i ts parts A, B. 

Prop. IV. If a>h, 

{a-h)R = aR-bR. 

Here the midtiplier a — b is distributed into its parts a, b. 

Prop. V. r{sA) = (rs)A = (sr)A = s(rA). 

This illustrates both the Commutative and Associative Laws. 

The fact (rs) A = (sr) A 

illustrates the Commutative Law. 

The fact that r (sA) = (rs) A 

and the fact that {sr)A =sirA) 

both illustrate the Associative Law. 
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If Propositions 1 — 4, 6, 


9, 11 


be 


arranged in parallel columns, tlius 


I. T(A + B) = rA + 


rB. 




II. (ci + 6) JS = oB + hR. 


HI. r(A-B)^rA- 


rB. 




IV. {a~l>)B = aB-hK 


VI (i). If AtB, 






Vl(iii). If o?6, 


tlieii i-jljrB. 






thou nBjtfi. 


Tl(ii). It rA'-rB. 






VI (i,). If a,B\bR, 


then aIb 






then oij. 


IX. [A,B]= [nA, 


nB]. 




XL [<i, 6] = [(uV, SJV]. 



then the two propositions in any one Hue are related to each other in such 
a manner that magiiitiides in either are replaced hy whole numbers in the 
other. 



Art. 204. NOTE 2. Ok Prop. 5. 
The following proposition is deduciblc from Prop, S. 

PROPOSITION LXVI. 

Enunciation. If the magnitvdes A and rA be each divided into s equal 
parts, prove that any one of the parts tnto wh%i,h rA is divided will be r Umes 
as great as any one of the parts into which A is divided. 

Suppose that each of the parts into whith A is divided is B. 

Then A = sB. 

.'. rA =^rsB = s{rB). [Prop. 5. 

Henee each of the s equal parts into which rA is divided is rB, which is 
)■ times as great as each of the s e(;[ual parts into which A is divided. 



If then — denote the sth part of A 

— will denote the sth part ( 
and this proposition may be expres.sed thus 
'-f.rB., 



(t)- 
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Art. 205. NOTE 3, On Peop. 9. 
The following proposition is deducible from Prop, 9. 





PROPOSITION LXVII. 




Enunciation. 


To prove that 




Since 


[C, B] = [»C, nO] 


[Prop. 9. 


id 


[C,D]~ [rC, i-D], 


[Prop. 9. 




.-, lnO,7,D]-[rO,rD]. 


[Prop, 10, 


Put 


nO-B. 
B.i. 






rC=r(^).'|, 


[Prop. 66. 




--(!>?■ 


[Prop. fifi. 



[^'^]=Lt.?|- 



Art. 206. NOTE i. On Prop, 12. 

The twelfth proposition deals with differing relative multiple scales, upon 
which the theory of unequal ratios depends. It leads naturally to the criterion 
for distinguishing the greater of two unequal ratios from the smaller thus :— 

Taking as a fundamental idea that if A he greater than E, then the ratio 
of .il to B is greater than the ratio of E to B. 

Then changing in Prop. 12, B into E and C into B it follows that integers 
r, n exist such that 

rA > nB, 

but rE<nB. 
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Now let D be any mugnitude, and let C be any other magnitude of the 
same kind as D such that 

or in Euclid's language E : B = : D. 

Since rE<nB, 

.-. rC<nD. 

Consequently A : B > C : D, 

and integers r, n exist such that 

rA > nB, 
but rO < nD. 

These are equivalent to, but not quite the same in form as, the conditions 
which Euclid gives in the 7th Definition of the 5th Book as the conditions 
to be satisfied in order that A : B may be greater than G : D. 

Euclid's form of the criterion may be obtained by proceeding thus :— 

Taking as fundamental ideas 

(I) If X, Y, Z be magnitudes of the same kind, then 
(«) if X : Z i?, greater than Y : Z, 

then X is greater than Y. 

{13} if X -.Z is not greater than Y : Z, 

then X is not greater than Y. 

(II) If the ratio A \ B \& greater than the ratio C : i), then there exists 
a ratio, say n -.r, of some two whole numbers, such that 

A -.B \s, greater than w : )■, 
but C : D is not greater than n : r. 

Then it is possible to proceed thus ;— 

Since A:B = rA:rB, [Prop. 9. 

and n -.r =nB:rB, [Prop. 11. 

then the assertion that 

A : B is greater than n : r, 
may be expressed in the form that 

rA : tB is greater than nB : rB, 

* This aasumeG the Fniida mental Propoaitino in the Theory of Scales. 
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and honce by I (a) involves the faxst that 

rA is greater than iiB. 
Again C -.D^ rO irD, [Prop. 9. 

and n: r = nD : vD. [Prop. 11. 

Therefore the aaaortion that 

C : D is not greater than n : r, 
may be expressed in the form that 

rC : rD is not greater than nD : rD, 
and therefore by I (0) involves the fact that 

rG is not greater than nD. 
Hence if ^ : j5 is greater than G : D, then sonae integers n, r exist such that 
rA is greater than nB, 
whilst rG is not greater' than nD. 

This is the 7th Dctinition of tlie Fifth Book of Euclid. 



Art. 207. NOTE 5. On the Definition of Ratio. 
{Art. 62.) 

Euchd's Definition of Ratio (the thii-d Definition of the Fifth Book) is as 
follows : 

A070S' eari hvo /i^'ye^aiv ofioyei'wi' r) icaTa TrifKiKOTiiTa vpo^ aXkyXa "rroia 

De Morgan translates it thus : 

"Ratio is a certain mutual habitude of two magnitudes of the same kind 
depending on their quantuplicity." 

The word " quantupHcity " which represents the Greek " ■n-ijKiKorrm " is 
especially difficult. It contains the idea of relative magnitude. 

De Morgan defines Ratio as Relative Magnitude on page 63 of his Treatise 
on the Gonnexion of Number and Magnitude. 
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Art. 208. NOTE 6, On Prop, 22. 



In order to complete the proof of Prop. 22 without using Prop. S (ii) it is 
necessary to show directly that 
if [A, B] = [0, Z>], 

and if rA = sC, then rB — sD. 

If rA = sC, 

then [rA. B] =^ [aC, B]. [Prop. 20. 

Now [A, B] = [C, B], 

.-. [rA,B]^[rG,D]. [Prop. 62. 

.-. [sG,B]^ [rO,D]. [Prop. 10. 

The rerjuired result follows from this by so alteiiug the terms of the scales 
that the 1st term is the same in each. 

Now [sG, B] = [rsC, rB] [Prop. 9. 

and [rC, JD] = [srG, sB] =^ [rsO, i-B]. [Prop, 9. 

.-. lrsC,rB]'=^[rsG,sB]. 

.-. rB = sD. [Prop. 21. 

Another Proof. 
Since {A, B] = [G, D], 

■.■ [rA,rB]^[A,Bl [Prop. 9. 

and [sG, sB] = [G, B], [Prop. 9. 

.■. [rA,rB]=^lsG,sD]. [Prop. 10. 

But rA = sG, 

.-. rB = sD. [Prop. 21. 

Art. 209. NOTE 7. On Puor. 24. 

The 24th Proposition is a very suggestive one. It not only leads naturally 
to the consideration of the point at infinity on a straight line, which is briefly 
treated below, but also to the consideration of negative ratios (which are not 
treated in this hook). 

It has been shown that ii K : B is not a ratio of equality, then there is 
one way of dividing AB internally and one way of dividing it externally in 
the ratio K : L. 

Let the internal point of division be G, and the external point of division G', 
then it appears from the figures of Prop. 24 that G and G' always lie on the 
same side of the middle point of AB. 
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Further it follows from Prop. 60 that 

the reet. OC. 0(7' = the square on OA. 

Now suppose that the length of K is fixed, and let the effect of diminishing 
the length of L down to equality with that of K bo investigated. 

Then AC and CB tend to become equal, and therefore G approaches 0, and 
by making the difference of K and L sufficiently small the length OC may be 
made smaller than any length however small ; and therefore by Prop. 63 the 
length of OC can be made greater than any length however great. 

Similar conclusions can be drawn from the case in which K is greater than 
i, except that G and G' are on the same side oi as B. 

When however K = L, the internal point of division is the middle point, 
but the external point of division does not exist from Euclid's point of view; 
because Euclid regards pai'allel straight lines as never meeting and so the 
construction fails in this case, 

Hence from Euclid's point of view it is impossible to state generally that 
to every point G on AB between A and B there corresponds a point G' such 
that G' divides AB externally in the same ratio as C divides AB, because there 
is no point corresponding to the middle point of AB. 

From the point of view of Modern Geometry in which a straight line is 
supposed to have one point at infinity, when G is at the middle point of AB, 
G' is at infinity ; and the theorem can be stated quite generally that there is 
one way of dividing AB internally and one way of dividing it externally in 
any given ratio K : L. 



Art. 210. NOTE 8. On Art. 106. 

The contents of Art. 106 may perhaps be more easily appreciated by con- 
sidering the following numerical case. 

Consider the triangle whose sides are a, h, o\ and the triangle whose sides 

}i? A* k^ 
are — , -r , — . 
a c 

Then 6:c = -4';' 
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SO that any two sides of one triangle are proportional to some two sides of 
the other. 

But the two triangles do not satisfy the condition in the enunciation of 
Prop. 27 implied in the words "taken in order." 

E.g. whilst & corresponds to — in the let proportion, 

it corresponds to -- in the Si'd proportion. 

As a numerical example take r = 5, f» = 3, c = 4 and /c^ = 60. 

7,5 7-3 Is 

Then - = 12, ^ = 20, !^ = 15 ; 
a b c 

and we have 3 : 4 - 15 : 20 

4:5 = 12: 15 

3:5 = 12:20. 

But since 5= = S= + ^\ 

but (20)^+(12y + (15)=; 

the first triangle is right-angled, the second is not ; and therefore the triangles 

are not similar. 

Art. 211. NOTE 9. On Peop. 35. 

In onler to complete the proof of Prop. 35 without using Prop. 8 (ii) it is 
necessary to show directly that 
it [A, £] = [T. Ul 

if [B, C] = [U, VI 

and it rA=xC, then rJ'-sF. 

It rA - «C, 

then \rA, S] = \fC, B\ 

Sinoe [A, B] = [T, U\ 

.-. \rA, B] ^ [rT, EfJ 

Since [B, C] = [U, F], 

.-. [B, sC] = [U, »7]. 

.-. l.O,B]^[sr,U]. 

.-. [rT, i7]=[sF, U]. 

.-. rT = sr. 

.-. a rA=sC, then rT = aV. 



[Prop. 


20. 


[Prep. 


62. 


[Prop. 


62. 


[Prop. 


19. 


[Prop. 


10. 


[Prop. 


21. 
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Art. 212. H^OTE 10. Corollary to Pbop. 42. 



The following proof of this Corollary does not depend on the properties of 
duplicate ratio. 

The areas of similar triangles are proportional to the areas of the squares 
described on corresponding sides. 

Let ABG, DEF be similar triangles. 

Let AB, DE be corresponding sides. 

On AB, DE describe the squares ABLK, DENM. 

It is required to prove that 

lABG : UDEF = square ABLK : square DENM. 



/\ 


1 


F S 




I 


H 



Draw GG perpendicular to AB, and FH perpendicular to DE. 

Describe on AB the rectangle ABQP having the same altitude as the 
triangle ABC, and on DE the rectangle DESR having the same altitude as 
the triangle DEF. 

The triangles ACQ, DFH are similar, for 

BAO . FbB, 

cSa - fAd, 

.-. Ada = DFH. 
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